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Part I

T H E O RY





1
P H O T O S Y N T H E S I S I R R A D I A N C E F U N C T I O N S

1.1 basic quantities

Consider a plane parallel ocean with light impinging directly overhead.
Take into account the fate of photons in this ocean: some get scattered,
some absorbed. Portion of the photons that get absorbed by phytoplank-
ton pigments are used to drive photosynthesis. It is the fate of these
photons we are interested in. To be more precise, our goal is to formulate
a mathematical relation between the photons that find themselves below
the sea surface at any time, the so called available light, and the rate of
photosynthesis in the water column. Complementary to the available
light, the rate of photosynthesis will undoubtedly be set by the sheer
number of phytoplankton present in the water column.

Before we can even begin to quantify the rate of photosynthesis we
need a measure of available light. For this we take irradiance I (W m−2),
defined as light energy that in unit time passes through a unit surface
[30], for now omitting the wavelength dependence. In our case this
corresponds to the total energy per unit surface carried by the photons
that pass a horizontal plane in our simple plane parallel ocean. Since
the ocean water scatters and absorbs photons, light gets attenuated with
depth and becomes a function of depth. Therefore, at any given depth z
(m) we can state the following:

I = I(z). (1.1)

In order to actually calculate I(z) we need a light penetration model. For
now, we assume I(z) as given.

11



12 photosynthesis irradiance functions

Knowing the underwater light filed, albeit in a rather simple form,
makes our second step possible: relating light and the rate of photosyn-
thesis. Prior to that we need to be more precise as to what is meant by the
rate of photosynthesis. We define primary production P (mg C m−3 h−1)
as the rate of inorganic carbon assimilation by phytoplankton in photo-
synthesis [41].

Having defined irradiance and primary production we are now in a
position to formulate a relation between the two. We state this in the
following form:

P = P(I). (1.2)

Considering that irradiance is a function of depth (1.1), production is also
a function of depth:

P(z) = P(I(z)). (1.3)

This relation implicitly holds information about the physiology and the
number of phytoplankton in the water column at any time. In order to
model primary production we would like to have the physiological status
and the concentration of phytoplankton decoupled and stated explicitly.
In other words, the relation we have just stated is diagnostic, whereas we
would like to have a prognostic relation.

With this goal we take Chlorophyll a concentration as a measure of
phytoplankton biomass B (mg Chl m−3). This further enables us to elimi-
nate the effect of biomass variability from (1.2) by defining normalized
production PB (mg C (mg Chl)−1 h−1) as:

PB =
P
B

. (1.4)

We now acknowledge that normalized production is a function of irradi-
ance, dictated by the physiological status of the phytoplankton and write:

PB = pB(I). (1.5)

The simplest of such photosynthesis light relations would be a linear one:

pB(I) = αB I, (1.6)
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Figure 1: A linear photosynthesis irradiance function relating normalized production
PB to irradiance I. The coefficient of proportionality is the initial slope αB.

as shown in Figure 1 [5]. The coefficient of proportionality in this relation
is called the initial slope (mg C (mg Chl)−1 (W m−2)−1 h−1) and is the
first physiological parameter in our model. Also, the function just pre-
sented (1.6) is our first example of a photosynthesis irradiance function
(typically written with a lower case pB to differentiate it from PB).

Knowing a photosynthesis irradiance function and taking into account
(1.4) we can now state our simple production model as:

P(z) = αB I(z)B(z), (1.7)

where we have assumed that biomass and irradiance are depth depen-
dent, whereas the initial slope is constant. We have therefore implicitly
assumed a physiologically uniform population with vertically variable
concentration. On the left hand side we have instantaneous production,
whereas on the right hand side we have biomass as a state variable, initial
slope as a parameter and irradiance as an argument of the photosynthesis
irradiance function.
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1.2 beyond linearity

In the ocean a linear production light relation seldom holds for naturally
occurring phytoplankton populations, as they are typically exposed to
irradiance levels well beyond the range in which photosynthesis responds
linearly to an increase in irradiance. At low irradiance a change in
irradiance causes a linear response in production, which can be stated as:

dPB

dI
= αB, (1.8)

and is in fact a differential form of expression (1.6). Following [7], a
more realistic assumption would be to treat the rate of change in PB with
respect to I as a power series in PB, stated mathematically as:

dPB

dI
= a0 + a1PB + a2(PB)2 + ..., (1.9)

where ai (i = 1, 2, ...) are the coefficients to be determined. In this manner
the linear photosynthesis irradiance function (1.6) is the solution to the
previous equation with only the first parameter a0 detained, such that
(1.9) reduces to (1.8), making a0 = αB.

A logical step forward would be to take into account the next factor in
the power series, so that we have:

dPB

dI
= αB + a1PB, (1.10)

now with a1 to be determined. This would allow the pB(I) function to
have curvature (Figure 2), since the second derivative would not equal
zero for a1 ̸= 0.

To derive the exact solution to equation (1.10) we make use of an
observational fact that production saturates at high irradiance, which
mathematically translates to:

lim
I→∞

pB(I) = PB
m, (1.11)

and here we encounter a second physiological parameter called the
assimilation number PB

m (mg C (mg Chl)−1 h−1) [41, 4]. In our current
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Figure 2: Curvature in the photosynthesis irradiance function exhibited with increasing
irradiance.

context this condition translates to a boundary condition for equation
(1.10) of the following form:

lim
I→∞

dPB

dI
= 0. (1.12)

Using the previous two facts in equation (1.10) gives:

a1 = − αB

PB
m

, (1.13)

turning (1.10) into:
dPB

dI
= αB

(
1 − PB

PB
m

)
. (1.14)

Therefore, at low PB, which occurs at low I, the response of production
to a change in irradiance is highest and equals αB. With an increase in
PB, which occurs at higher irradiance, the response declines, manifested
mathematically by the decrease in dPB/dI (Figure 2).
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Having derived equation (1.14) we now wish to solve it to obtain
another photosynthesis irradiance function as its solution. By separation
of variables and integration we obtain:

− ln (PB
m − PB) =

αB

PB
m

I + C, (1.15)

where C is a constant of integration. Acknowledging that production
ceases with no light, such that PB = 0 at I = 0, we get:

C = − ln (PB
m), (1.16)

transforming (1.15) into:

ln
(

PB
m − PB

PB
m

)
= − αB

PB
m

I. (1.17)

After a little algebra and reintroducing the notation PB = pB(I), yields:

pB(I) = PB
m

(
1 − exp

(
−αB I

/
PB

m

))
. (1.18)

and we recognize this as the exponential photosynthesis irradiance
function [60, 42].

The presented procedure can be extended still further [7]. For example,
retaining the third term in the power series (1.9) the hyperbolic tangent
photosynthesis irradiance function can be obtained:

pB(I) = PB
m tanh

(
αB I
/

PB
m

)
. (1.19)

These are but a few examples of a number of photosynthesis irradiance
functions in the literature. Commonly used functions can be traced
back to the following papers [5, 1, 55, 28, 42]. Extensive reviews on
photosynthesis irradiance functions can for example be found in [28, 41,
16, 29]. In the literature the photosynthesis irradiance functions are also
referred to as the light saturation functions, or simply as P − I curves. All
functions share some common properties which we now state explicitly.
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1.3 properties

The shape of the photosynthesis irradiance function expresses biophysi-
cal, biochemical and metabolic processes which regulate photosynthesis
[12, 13]. Fortunately, just two parameters uniquely determine the pho-
tosynthesis irradiance function: the initial slope αB and the assimilation
number PB

m [41, 4]. The initial slope is also referred to as photosynthetic
efficiency and the assimilation number as the photosynthetic capacity
[37]. Both parameters are referred to as the photosynthesis parameters.

Without explicitly stating the parameter values, the photosynthesis
irradiance function can be written as a function of irradiance, in the
following form [43]:

pB (I) = pB
(

I | αB, PB
m

)
, (1.20)

highlighting the role photosynthesis parameters have. Having defining
the photosynthesis irradiance function with two parameters, αB and PB

m,
a whole family of photosynthesis irradiance functions is set. It is worth
noting that the parameters are strictly positive.

The photosynthesis irradiance function itself is also positive and de-
fined only for positive values of irradiance I ≥ 0 [41]:

pB(I) > 0. (1.21)

For low irradiance normalized production is a linear function of irra-
diance with a coefficient of proportionality given by αB, and we write:

lim
I→0

pB(I) = αB I. (1.22)

With increasing irradiance the slope of the curve drops. Finally, at high
enough irradiance the slope flattens, and we have:

lim
I→∞

pB(I) = PB
m. (1.23)

In that case light saturation takes place and normalized production stops
being dependent on irradiance (Figure 3).
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Ba I

Figure 3: A typical photosynthesis irradiance function: at low light production is pro-
portional to irradiance, as irradiance increases the response becomes nonlinear
and finally for high irradiance production saturates.

Mathematically, for I > 0, the photosynthesis irradiance function is a
strictly increasing function:

dpB(I)
dI

> 0, (1.24)

with a negative second derivative:

d2 pB(I)
dI2 < 0. (1.25)

The ratio of photosynthesis parameters is called the photoadaptation
parameter:

Ik =
PB

m
αB , (1.26)

which is expressed in the same unit as irradiance, namely W m−2. In the
vicinity of Ik normalized production depends on both parameters: αB

and PB
m. With values of irradiance lower than Ik, αB dominates, while at

values higher than Ik, PB
m dominates.
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1.4 problems

1. Derive the hyperbolic tangent photosynthesis irradiance function
(1.19) by retaining the third term in the power series (1.9) and following
the same procedure as used to derive the exponential photosynthesis
irradiance function (1.18).

2. Below are listed some of the typical photosnthesis irradiance func-
tions, of which some were already given in the text:

pB(I) =
I + PB

m

/
αB −

∣∣∣I − PB
m/αB

∣∣∣
2
/

αB
, (1.27)

pB(I) = PB
m

I

PB
m

/
αB + I

, (1.28)

pB(I) = PB
m

I√
I2 + (PB

m

/
αB)2

, (1.29)

pB(I) = PB
m tanh

(
αB I
/

PB
m

)
, (1.30)

pB(I) = PB
m

(
1 − exp

(
−αB I

/
PB

m

))
. (1.31)

By order of appearance the authors are: [5], [1], [55], [28], and finally [42].
Express all the functions using the following notation for dimensionless
irradiance:

I∗ =
αB I
PB

m
=

I
Ik

. (1.32)

Plot all the functions on the same graph as a function of I∗.
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3. A more general form of the exponential photosynthesis irradiance
function takes into account photoinhibition, a process whereby photosyn-
thesis gets reduced at high irradiance. The mathematical expression for
this function is:

pB(I) = PB
m

(
1 − exp

(
−αB I

/
PB

m

))
exp

(
−βB I/PB

m

)
, (1.33)

where βB is the photoinhibiton parameter. Plot this function for various
values of βB starting from zero (no photoinhibiton) and gradually increas-
ing, whilst observing the change in the shape of the function.

4. Assume that irradiance is a function of time I = I(t), given by:

I(t) = ⟨I⟩+ δI, (1.34)

where ⟨I⟩ is the average irradiance and δI is the perturbation. Make
a numerical model in which the perturbation is taken as a normally
disubstituted random variable with zero mean. Set the standard deviation
of the perturbation arbitrarily. Calculate production by applying (1.18)
with I(t) as the argument. Study the effect of light variability under low
light and under high light, relative to Ik. Compare this result to the one
obtained by using only average irradiance ⟨I⟩.



2
P R I M A RY P R O D U C T I O N P R O F I L E

In the sea, phytoplankton biomass and production typically have a pro-
nounced vertical structure [35]. The structure in biomass is caused by
the combined action of biological and physical processes on time scales
longer than that of a day [17] while the structure of normalized pro-
duction is primarily caused by available light at a given time and the
physiological status of the phytoplankton population [59, 43]. The avail-
able light is determined by the optical properties of the water column and
surface light, which is primarily determined by day of the year, latitude
and cloud cover [30].

Having established the production-light relation in the previous chap-
ter, we now turn our attention to the problem of modelling the vertical
structure of primary production. We have already touched upon this in
the previous section, namely equation (1.7), where all the basic ingre-
dients for solving such a problem were laid out. To model the vertical
profile of production, information on the following is required: biomass
profile, irradiance profile and the photosynthesis irradiance function,
along with the values of photosynthesis parameters. At any given time
production at depth can be easily calculated by simply plugging the
irradiance value at that depth into the photosynthesis irradiance function
and multiplying it by biomass at the given depth. By subsequently inte-
grating over time one can calculate daily production, taking into account
that irradiance is a function of time, as well as depth. We now proceed to
do just that, but first state the problem in a slightly more formal manner.

21



22 primary production profile

2.1 problem formulation

Let the z axis, oriented downward with the origin at the surface, mark
depth and let t mark time, with t = 0 corresponding to the timing of
sunrise. Acknowledging that irradiance has both a depth and a time
dependence:

I = I (z, t) , (2.1)

the same holds for instantaneous normalized production at depth:

PB (z, t) = pB(I (z, t)
)
, (2.2)

measured in (mg C (mg Chl)−1 h−1). For generality, the explicit form of
the photosynthesis irradiance function and the dependence of irradiance
on depth and time will for now remain undefined. To calculate produc-
tion at depth z and time t we multiply (2.2) by biomass B (z, t) and obtain
P(z, t):

P (z, t) = B (z, t) pB(I (z, t)
)
, (2.3)

referred to as the instantaneous production at depth (mg C m−3h−1). To
calculate daily production at depth PT (z) (mg C m−3), previous expres-
sion is integrated over time:

PT (z) =
D∫

0

B (z, t) pB(I (z, t)
)

dt, (2.4)

with D being the time from sunrise till sunset, referred to as daylength.
PT(z) viewed as a function of depth is the daily production profile.

To analytically solve the previous integral we assume that biomass
does not change significantly during the course of one day, allowing it to
come out the integral:

PT (z) = B (z)
D∫

0

pB(I (z, t)
)

dt, (2.5)

which significantly simplifies the problem. In the remainder of this
chapter we will continue considering biomass as time independent:

B(z, t) = B(z). (2.6)
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z 

PT

Figure 4: Sketch of the irradiance profile I(z) (orange) and the daily production profile
PT(z) (blue). The shape of the production profile is determined by the product
of the biomass profile B(z) (not shown) and the pB(I) function.

Subsequently, with biomass out of the integral, the normalized produc-
tion profile

(
mg C(mg Chl)−1) is obtained from (2.5) by dividing with

biomass:

PB
T (z) =

D∫
0

pB(I (z, t)
)

dt, (2.7)

which could have also been obtained by direct integration of (2.2). To
solve the stated integral we need to specify irradiance as a function of
depth and time, pick a photosynthesis irradiance function, and integrate
over daylength. We now proceed to do just that.
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2.2 underwater light field

We begin by first considering a simple model for the irradiance profile.
In the sea, irradiance has a pronounced vertical dependence, which is
determined by the optical properties of seawater and surface radiation.
The surface irradiance is simply given as a boundary condition:

I(0, t) = I0(t). (2.8)

A sine function is assumed for time dependence of surface irradiance:

I (0, t) = Im
0 sin (πt/D) , (2.9)

where Im
0 is noon irradiance [27, 36, 30] (Figure 5). Optical properties

of seawater are described by means of the attenuation coefficient of
downward irradiance which is denoted by K (m−1). It is defined as the
rate of reduction of irradiance in an infinitesimally thin layer of seawater
per unit depth, per unit irradiance: [30]:

K = −1
I

dI
dz

, (2.10)

where the negative sign comes from the orientation of the z axis (Figure 6).
As an optical medium, sea water both scatters and absorbs light, and the
attenuation coefficient is the result of any combination of these two optical
processes. The attenuation coefficient depends, among other things, on
biomass concentration. The simplest and often used dependence of the
attenuation coefficient on biomass reads:

K = Kw + kBB, (2.11)

where Kw is the seawater attenuation coefficient, which represents light
attenuation processes due to scattering and absorption by pure seawater,
particles and dissolved organic matter. The specific attenuation coefficient
of phytoplankton kb represents the processes of light attenuation due
to absorption and scattering caused by phytoplankton [51]. The men-
tioned model is simple because it describes only the vertical structure
of irradiance and reduces all the optical properties of sea water to the
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I0(t)

t

m
0I

D

Figure 5: Idealized surface irradiance given as a sine function (2.9). Sunrise equals t = 0
and sunset t = D. Noon irradiance is given as Im

0 .

attenuation coefficient. More complex models that take into account
the spatial, temporal, angular and spectral dependence of light were
established [53, 11], but for pedagogical reasons for now we restrict to
this model.

In case of an optically inhomogeneous water column K = K(z), vertical
integration of (2.10), along with the boundary condition (2.8), yields:

I(z, t) = I0(t) exp
(
−

z∫
0

K(z′)dz′
)

, (2.12)

where z′ is a dummy variable for integration. According to the solution
(2.12) irradiance at the depth z is determined by the optical properties
of the water column from the surface to that depth and the surface
irradiance I0(t).

In case of an optically homogeneous water column K ̸= K(z), vertical
integration of (2.10), along with the boundary condition (2.8), yields:

I(z, t) = I0(t) exp (−Kz). (2.13)
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K  

I

I - dI

dz

I(z,t)

z 

I(0,t)

Figure 6: Water column forced by surface irradiance I(0, t) and the resulting irradiance
profile I(z, t) (blue curve). A layer of thickness dz attenuates irradiance I by
the amount dI. The attenuation coefficient K is a measure of the reduction in
irradiance per unit depth per unit irradiance.

Although simple, the specified irradiance model is a commonly used
model of the underwater light field when modelling primary production.
The central element of the model is the attenuation coefficient, which
determines the penetration depth of irradiance in the model. Taking into
account the temporal dependence of surface irradiance (2.9), yields the
underwater light field in our model:

I(z, t) = Im
0 sin (πt/D) exp (−Kz). (2.14)

Next step in modelling the daily production profile is to use this expres-
sion in a photosynthesis irradiance function.
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2.3 analytical solution for the daily production profile

By taking the previous expression for irradiance (2.14) as the argument
of the exponential photosynthesis irradiance function (1.18) the defining
integral for daily normalized production (2.7) becomes:

PB
T (z) =

D∫
0

PB
m

[
1 − exp

(
− αB Im

0 sin(πt/D)e−Kz/PB
m

)]
dt. (2.15)

The solution of this integral gives the amount of carbon assimilated at
depth during one day per unit biomass. To solve it we begin by defining
the dimensionless noon irradiance as:

Im
∗ =

αB Im
0

PB
m

=
Im
0
Ik

, (2.16)

which represents the ratio of the photoadaptation parameter to noon
irradiance. It simply tells us how higher noon irradiance is relative to the
photoadaptation parameter. Using (2.16) translates the previous integral
into:

PB
T (z) =

D∫
0

PB
m

[
1 − exp

(
− Im

∗ e−Kz sin(πt/D)
)]

dt. (2.17)

To solve it, the expansion of the exponential function as an infinite sum
is used:

exp x =
∞

∑
n=0

xn

n!
. (2.18)

After inserting this identity into the previous integral we obtain:

PB
T (z) =

D∫
0

PB
m

(
1 −

∞

∑
n=0

(
−Im

∗ e−Kz sin (πt/D)
)n

n!

)
dt, (2.19)

which after some algebra becomes:

PB
T (z) = −PB

m

∞

∑
n=1

(
−Im

∗ e−Kz)n

n!

D∫
0

sinn (πt/D)dt. (2.20)
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Next step is to employ the following substitution:

x =
πt
D

, (2.21)

by which the integral in the previous expression becomes:
D∫

0

sinn(πt/D)dt =
D
π

π∫
0

sinn x dx. (2.22)

Normalized daily production is now:

PB
T (z) = −PB

mD
∞

∑
n=1

(
−Im

∗ e−Kz)n

π · n!

π∫
0

sinn x dx. (2.23)

The obtained integral is solved by recursive application of the following
identity:

π∫
0

sinn x dx =
n − 1

n

π∫
0

sinn−2 x dx. (2.24)

To apply it we first break the previous sum into sums over odd and even
integers, to get:

PB
T (z) = −PB

mD

(
∞

∑
n=1

(
−Im

∗ e−Kz)2n−1

π(2n − 1)!

π∫
0

sin2n−1 x dx

+
∞

∑
n=1

(
−Im

∗ e−Kz)2n

π(2n)!

π∫
0

sin2n x dx

)
.

(2.25)

Going step by step, for n = 1 we have:
π∫

0

sin x dx = 2. (2.26)

For n = 2 we have:
π∫

0

sin2 x dx =
π

2
. (2.27)

Subsequently, for several more values of n we have:
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n=3

π∫
0

sin3 x dx =
2
3
× 2;

n=4

π∫
0

sin4 x dx =
3
4
× π

2
;

n=5

π∫
0

sin5 x dx =
4
5
× 2

3
× 2;

n=6

π∫
0

sin6 x dx =
5
6
× 3

4
× π

2
;

The interested reader can expand this still further, but for the sake of
brevity we stop the explicit statement of these integrals here. For odd
integers (2n − 1) the solution of (2.24) can be expressed as:

π∫
0

sin2n−1 x dx = 2
(2n − 2)!!
(2n − 1)!!

, (2.28)

and for even integers (2n) as:
π∫

0

sin2n x dx = π
(2n − 1)!!
(2n)!!

. (2.29)

Combining these expressions with (2.25) we get:

PB
T (z) = −PB

mD

(
∞

∑
n=1

2
(
−Im

∗ e−Kz)2n−1

π(2n − 1)!
(2n − 2)!!
(2n − 1)!!

+
∞

∑
n=1

(
−Im

∗ e−Kz)2n

(2n)!
(2n − 1)!!
(2n)!!

)
.

(2.30)

Although cumbersome this expression is the exact solution for daily
normalized production. We now proceed to write it in a more compact
and comprehensive manner.
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Putting the minus sing inside the brackets gives:

PB
T (z) = PB

mD

(
∞

∑
n=1

2
(
−Im

∗ e−Kz)2n−1

π(2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(
−Im

∗ e−Kz)2n

(2n)!
(2n − 1)!!
(2n)!!

)
.

(2.31)

We observe that the solution consists of a product of the assimilation num-
ber PB

m, daylength D and a relatively complicated expression inside the
brackets. To simplify this expression we define the fz

(
Im
∗ e−Kz) function

as:

fz
(

Im
∗ e−Kz) = ∞

∑
n=1

2
(

Im
∗ e−Kz)2n−1

π (2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(
Im
∗ e−Kz)2n

(2n)!
(2n − 1)!!
(2n)!!

,

(2.32)
displayed in Figure 7 [32, 31]. This function is dimensionless and its
argument is the dimensionless noon irradiance Im

∗ multiplied by the e−Kz

term: Im
∗ e−Kz. With the given definition daily normalized production

PB
T (z) now becomes:

PB
T (z) = PB

mD fz
(

Im
∗ e−Kz), (2.33)

At a given depth z, by knowing Im
0 , K, αB and PB

m the value of Im
∗ e−Kz

is calculated. Then the product PB
mD fz(Im

∗ e−Kz) gives the value of daily
normalized production at depth z. To calculate production, we simply
multiply (2.33) by biomass at depth B(z):

PT(z) = B(z)PB
mD fz

(
Im
∗ e−Kz). (2.34)

In summary, we have derived an analytical solution for daily production
at depth and now proceed to explore some of the properties of the
presented solution.
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Figure 7: Dimensionless function fz(Im
∗ e−Kz) from the analytical solution for daily pro-

duction (2.33). By multiplying this function with biomass B(z), the assimilation
number PB

m and daylength D daily production at depth is calculated.

2.4 properties of the production profile

In our model irradiance declines with depth, according to:

dI
dz

= −KI. (2.35)

Taking this into account, let us consider the change with depth of instan-
taneous production:

dpB(I(z))
dz

=
dpB

dI
dI
dz

. (2.36)

The first term is positive, because the photosynthesis irradiance function
is an increasing function of irradiance (1.24), whereas the second term is
negative. Therefore, instantaneous production declines with depth:

dPB

dz
< 0. (2.37)
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z 

I

z 

PB
T

Figure 8: Decline of normalized daily production with depth (blue). Irradiance I(z, t)
(orange) declines exponentially with depth causing normalized production to
also decline with depth, making the tangent to PB

T (z) (red line) have a negative
slope with respect to depth.

Normalized daily production, being the integral over time of instanta-
neous production, also declines with depth (Figure 8):

dPB
T

dz
< 0, (2.38)

which is easy to show by simply taking the derivative of fz:

d
dz

fz(Im
∗ e−Kz) < 0. (2.39)
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Looking now at daily production we have:

PT(z) = B(z)PB
T (z), (2.40)

the derivative of which with respect to depth reads:

dPT

dz
=

dB
dz

PB
T + B

dPB
T

dz
, (2.41)

which due to (2.38) can be both positive and negative and subsequently
production can acquire a subsurface maximum, in contrast to normalized
production which can not.

The rate of change in daily production with respect to depth is positive
if the rate of increase in biomass with depth, multiplied by normal-
ized production, outpaces the rate of decline in normalized production
multiplied by biomass:

dB
dz

PB
T + B

dPB
T

dz
> 0. (2.42)

By using (2.33) we derive the following condition:

1
B

dB
dz

> − d
dz

fz
(

Im
∗ e−Kz)/ fz

(
Im
∗ e−Kz). (2.43)

Therefore, the relative increase in biomass with depth has to be higher
than the relative decrease in production with depth. Since (2.39) is always
negative the right hand side is positive.

However, it is worth noting that the given conclusions are valid for
vertically uniform photosynthesis parameters, which implies a vertically
uniform phytoplankton population. However, the solution (2.34) also
holds in case of non-uniform photosynthesis parameters αB = αB(z) and
PB

m = PB
m(z), changing the solution (2.34) to:

PT(z) = B(z)PB
m(z)D fz

(
Im
∗ (z)e

−Kz), (2.44)

where now the normalized noon irradiance is also a function of depth
Im
∗ (z) = αB(z)Im

0 /PB
m(z). Knowing how to model the daily production

profile, we now turn our attention to the biomass profile and explore
how its vertical dependence is typically specified in models.
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2.5 shifted gaussian biomass profile

A prototypical function most often used to describe the biomass profile
in the ocean is the Shifted Gaussian:

B(z) = B0 +
h

σ
√

2π
exp

(
− (z − zm)2

2σ2

)
, (2.45)

where the biomass beneath the Gaussian curve is given by h, the depth of
the maximum is at zm and the width of the biomass peak is determined
by σ. B0 is the background biomass (Figure 9). The height of the peak
biomass at zm is H = h/σ

√
2π.

zm

B(z)

H

h
s

B0

z 

0

Figure 9: Sketch of the shifted Gaussian biomass profile. Integral biomass beneath the
Gaussian curve is given by h (blue shaded region), depth of the maximum by
zm (orange mark) and the width of the biomass peak by σ (green line). B0 is
the background biomass (dark blue line), here equal to the surface biomass.
The height above the background biomass is given by H = h/σ

√
2π (red line).
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The Gaussian function is suitable for describing the vertical structure of
biomass and has been accepted as a standard profile for a long time [43].
It is a simple function that allows the description of the vertical structure
of phytoplankton biomass for different geographical areas and seasons
[40]. It has been used in many models as an initial condition for biomass,
and the forms it describes are often obtained as results of numerical
models [22] and measurements [45]. It is suitable for describing the
structure of the deep chlorophyll maximum, which is an ubiquitous
phenomenon throughout the world’s oceans [9, 2].

With the shifted Gaussian biomass, daily production profile equals:

PT(z) =
[

B0 +
h

σ
√

2π
exp

(
− (z − zm)2

2σ2

)]
PB

mD fz
(

Im
∗ e−Kz), (2.46)

which was obtained by direct application of (2.33) and (2.45) in (2.40). It is
evident that the production profile now consists of the profile associated
with the vertically uniform term in the Gaussian, namely B0 and the
vertically non-uniform term, namely the exponential component, which
is dictated by three parameters: σ, zm and h. Depending on the values of
these parameters the shape of the production profile will change.

The first term will create a declining production profile, due to B0 ̸=
B(z), whereas the second term may create an increasing production
profile. This implies that production may acquire a subsurface maximum
with a shifted Gaussian biomass profile. The depth of the maximum
in biomass need not coincide with the depth of maximum production.
Below the maximum, both terms need to give diminishing production
with increasing depth. At great depth (z → ∞) normalized production
and the shifted Gaussian both go to zero, but the background biomass
B0 does not. However, when multiplied to calculate daily production at
great depth, their product is zero:

lim
z→∞

PT(z) = B0PB
mD fz

(
Im
∗ e−K∞) = 0. (2.47)

Having background biomass constant is an unrealistic assumption for
great depth and is in contradiction with observations. A remedy to this
issue was proposed by [6] in the form of a Sigmoid function, which we
now explore.
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2.6 shifted sigmoid biomass profile

The Shifted Sigmoid function proposed by [6] is of the following form:

B(z) = B0

[
1 − 1

1 + exp
(
− σ(z − zm)

)], (2.48)

where now B0 is not the background biomass, but the surface biomass.
The parameter σ dictates the slope of the biomass profile and zm gives
the mid point depth of the slope (Figure 10).

zm

B(z)
B0

z 

Figure 10: Sketch of the shifted Sigmoid biomass profile. Surface biomass is given by
B0, depth of the mid point by zm (orange mark) and the slope of the biomass
profile is dictated by σ. Total biomass is given by the blue shaded area.
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The total biomass is now given as:

∞∫
0

B(z)dz =
1
σ

ln
(
1 + exp(σzm)

)
, (2.49)

which in the limit of high σ becomes simply:

lim
σ→∞

∞∫
0

B(z)dz = B0zm. (2.50)

With the shifted Sigmoid daily production profile now reads:

PT(z) = B0PB
mD fz

(
Im
∗ e−Kz)[1 − 1

1 + exp
(
− σ(z − zm)

)]. (2.51)

Once again, in the limit of high σ we have

lim
σ→∞

PT(z) = B0PB
mD fz

(
Im
∗ e−Kz), (2.52)

which is valid from the surface up to the mid point depth zm.

2.7 relation to growth models

Phytoplankton growth models are dynamic models that describe the
spatial-temporal distribution of biomass [61]. A typical model of this
type consists of a differential equation that describes the biomass dynam-
ics [19]. Such equations form an integral part of ecological models in
which hydrodynamic equations and equations describing the rest of the
ecosystem are combined [14]. In the phytoplankton growth equation, the
basic term is the light saturation function, which describes the biomass
growth caused by photosynthesis. The solution of the equation gives the
time development of biomass which is related to primary production
[26].
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In order to demonstrate the connection between growth models and
primary production, a simple growth model of the following form will
be considered:

∂

∂t
B(z, t) =

1
χ

PB(z, t)B(z, t), (2.53)

where the normalized production is equal to PB(z, t) = pB (I (z, t)), and
χ is the carbon to chlorophyll ratio [54]. For the purposes of this demon-
stration, χ is constant. The equation simply states that carbon assimilated
in photosynthesis increases biomass. The solution of this equation at
time D (daylength) reads:

B(z, D) = B(z, 0) exp
(

1
χ

PB
T (z)

)
. (2.54)

By writing the exponential function as a sum (2.18), previous expression
becomes:

B(z, D) = B(z, 0) + B(z, 0)

[
1
χ

PB
T (z) +

∞

∑
n=2

1
n!

(
1
χ

PB
T (z)

)n
]

. (2.55)

The terms in this sum have a fairly simple interpretation. Each term
of the sum represents the total synthesized biomass in case the initial
biomass were equal to the previous term:

B(z, 0)
(

1
χ

PB
T (z)

)n

=

[
B(z, 0)

(
1
χ

PB
T (z)

)n−1
]

PB
T (z). (2.56)

Since primary production is the only process by which biomass accumu-
lates in this simple growth model, all terms inside the parentheses in
expression (2.55) correspond to primary production at depth z. Primary
production is a process with a finite energy source that takes place in
the finite dimensions of the water column, and therefore the terms in
the series expansion (2.55) should converge. The exponential function
is convergent over the entire set of real numbers, implying this series
expansion is indeed convergent, which means that terms of higher order
can be ignored in first approximation. Keeping only the first term inside
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the parentheses yields a first-order approximation of the biomass at time
D:

B(z, D) ≈ B(z, 0) +
1
χ

B(z, 0)PB
T (z). (2.57)

This implicitly assumes that the accumulation of biomass is dominantly
caused by initial biomass, and the contribution from the newly synthe-
sized biomass itself is negligible. The second term on the right is the daily
production defined by (2.5), divided by χ. Therefore, the production
profile provides a first approximation of the change in the biomass profile
caused by primary production if biomass growth is allowed in the model.

Apart from the effect on biomass, there is also an effect growth has on
the production profile. According to (2.54), for time-dependent biomass,
the daily production profile is equal to:

PT(z) = χB(z, 0)
[

exp
(

1
χ

PB
T (z)

)
− 1

]
, (2.58)

which is basically the difference between the final and initial biomass,
multiplied by χ. We notice that there is an additional parameter χ in
this expression. How big an influence χ has on the production profile in
the growth model can be easily analysed by expressing the exponential
function in the previous expression as a sum and rearranging:

PT(z) =

[
1 +

∞

∑
n=2

1
n!χn−1

(
PB

T (z)
)n−1

]
B(z, 0)PB

T (z). (2.59)

The influence of χ on the production profile is manifested only as a
second-order factor. The conclusion is that the two models give an
equivalent production profile in first approximation.
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2.8 problems

1. Assume the attenuation of irradiance with depth is described by the
following equation:

dI
dz

= −KI, (2.60)

where K is the diffuse attenuation coefficient for downwelling irradiance
and the z axes is positive downwards. Taking the surface irradiance
just below the sea surface (z = 0) as known I0 derive the solution for
the irradiance profile (2.13). Subsequently use the irradiance profile to
calculate PB(z) first by means of (1.6) and second by means of (1.18). Plot
the two results and their difference.

2. Assume the attenuation of irradiance with depth is again described
by (2.60). Restate this expression as

dI = −KI dz, (2.61)

and use it in (1.14) to derive PB(z). The result should match the one
obtained in the first problem, where the irradiance profile is directly used
in the exponential photosynthesis irradiance function.

3. Use the photosynthesis irradiance functions given in Problem 2 of
Chapter 2 in a numerical model and solve for the daily production profile
for each. The irradiance profile is given by (2.14) in each case. Compare
the results by plotting the numerical solutions as a function of Im

∗ in the
same manner that the analytical solution (2.33) is presented in Figure 7.

4. Build a numerical model in which the effect of biomass on the
attenuation of irradiance with depth is taken into account with (2.11)
such that the irradiance profile is given by (2.12). Calculate the daily
production profile in this case and compare it to the analytical solution
in which K = Kw. Use multiple values for kB to explore its effect on the
shape of the daily production profile.
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5. Employ the shifted Gaussian in calculation of the daily produc-
tion profile by using (2.46). Based on (2.41) state the condition for the
maximum production at depth and derive the condition that is satisfied
at that depth. Express the first derivative with respect to depth of the
daily production profile in case of the shifted Gaussian and following
(2.41) consider under which scenario does the production profile de-
crease/increase with depth. Explore the effect depth zm and width of the
maximum σ have on the shape of the production profile and the depth
of the maximum in daily production.

6. Build a model of the daily production profile using the shifted
Sigmoid (2.48) as the model for the biomass profile. For the normalized
daily production profile use expression (2.33). Explore the effect σ and
zm have on the shape of the biomass profile as well as the production
profile.

7. Build a numerical model that solves equation (2.53). Explore how
the biomass profiles evolves under variable surface irradiance given by
(2.14) and contrast it with the evolution over time under constant surface
irradiance equal to the average daily irradiance Im

0 π/2.





3

WAT E R C O L U M N P R O D U C T I O N

Having described the vertical structure in biomass and production we
are now in a position to calculate the total amount of carbon assimilated
in photosynthesis in the entire water column. This quantity is called wa-
tercolumn production and is of paramount importance in oceanography.
In standard oceanographic practice watecolumn production is quantified
by the amount of carbon assimilated during the day in the photic zone.
Measurements of watercolumn production have been carried out at sea
after the introduction of the radioactive carbon method in 1952 by Stee-
man Nielsen [56]. Since then, the development of mathematical models
of watercolumn production has been of high interest to oceanographers.

In modern times remotely sensed data are merged with state of the
art models to calculate global estimates of marine primary production.
The backbone of all such models is the functional relation between the
rate of carbon assimilation and irradiance: the photosynthesis irradiance
function. While the various models differ in precise detail they all share
the same structure and in this chapter we explore this structure.

We build upon the previous chapter where we have shown how to
calculate daily production at depth. We proceed to extend the model and
demonstrate how to calculate watercolumn production. The canonical
solution for unifrom biomass [47] is presented along with the solution for
mixed layer production. The assumption of uniform biomass is relaxed
and exact solutions for watercolumn production with a shifted Gaussian
biomass and a general solution for arbitrary biomass are derived.

43
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3.1 problem formulation

We start by defining watercolumn production PZ,T (mg C m−2) as the
amount of carbon assimilated in photosynthesis in the water column
during one day per square meter [47, 30]. In the notation of the model
developed thus far we have:

PZ,T =

∞∫
0

D∫
0

P(z, t)dt dz. (3.1)

The notation PZ,T is also used when the upper limit over depth is not
infinity. By expressing instantaneous production using (2.3) we have:

PZ,T =

∞∫
0

D∫
0

B (z, t) pB( I (z, t)
)

dt dz. (3.2)

Further assuming time independent biomass and grouping the terms
based on the definition of the normalized production profile (2.5) we
have:

PZ,T =

∞∫
0

B (z)

( D∫
0

pB( I (z, t)
)

dt

)
dz. (3.3)

where the term inside the brackets is recognized as PB
T (z). Thus formu-

lated, watercolumn production equals the vertical integral of the daily
production profile PT(z) (Figure 11), that is, the vertical integral of the
product between biomass B(z) and normalized production PB

T (z) profiles:

PZ,T =

∞∫
0

B(z)PB
T (z)dz =

∞∫
0

PT(z)dz. (3.4)

Here we observe the importance of the production profile as it the central
element in the calculation of watercolumn production.

Integration of P(z, t) can also be done vertically first and then over
time, a procedure that will shortly be used to find an analytical solution
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Figure 11: Sketch of watercolumn production PZ,T (light blue area) as the vertical
integral of the daily production profile PT(z) (thick blue curve).

for watercolumn production. In this case, the vertical integral of P(z, t) is
the instantaneous watercolumn production PZ,T (mg C m−2 h−1):

PZ(t) =
∞∫

0

B (z, t) pB( I (z, t)
)

dz. (3.5)

With this definition, watercolumn production becomes an integral over
daylength of instantaneous watercolumn production:

PZ,T =

D∫
0

PZ(t)dt. (3.6)

The obtained expression is equal to (3.3). Having laid out the basic
definitions, we now proceed to solve for PZ,T analytically, following [47].
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3.2 analytical solution for watercolumn production

Thus far, using the exponential photosynthesis irradiance function (1.18)
and exponentially declining sinusoidal irradiance (2.13), yielded the daily
normalized production profile (2.15), which we now multiply by biomass
B(z) to obtain:

PZ,T =

∞∫
0

D∫
0

B(z)PB
m

[
1 − exp

(
− αB Im

0 sin(πt/D)e−Kz/PB
m

)]
dt dz, (3.7)

as the integral that needs to be solved to get watercolumn production.
We begin with the simplest case, by first assuming uniform biomass:

B(z) = B, (3.8)

and subsequently change the order of integration, in line with the inter-
pretation provided in (3.6). Now we have:

PZ,T = BPB
m

D∫
0

∞∫
0

(
1 − exp

(
−αB Im

0 sin(πt/D)e−Kz/PB
m

) )
dz dt, (3.9)

where we have extracted B and PB
m outside the integrals, both being

independent of depth and time. With a change of variables:

x = Im
∗ sin(πt/D)e−Kz, (3.10)

the vertical integral in the expression (3.9) becomes a table integral and
its solution reads:
∞∫

0

[
1− exp

(
− Im

∗ sin(πt/D)e−Kz
)]

dz =
1
K

∞

∑
n=1

(−1)n+1

n · n!

(
Im
∗ sin (πt/D)

)n
.

(3.11)
The obtained expression multiplied by BPB

m gives the instantaneous wa-
tercolumn production PZ(t):

PZ(t) =
BPB

m
K

∞

∑
n=1

(−1)n+1

n · n!

(
Im
∗ sin (πt/D)

)n
. (3.12)
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By inserting (3.11) into (3.9) we get:

PZ,T =

D∫
0

BPB
m

K

∞

∑
n=1

(−1)n+1

n · n!

(
Im
∗ sin (πt/D)

)n
dt. (3.13)

Here we recognize the same integral as in (2.23) which is again solved by
the application of the recursive relation (2.24), yielding:

PZ,T =
BPB

mD
K

[
∞

∑
n=1

2 (Im
∗ )

2n−1

π (2n − 1) (2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(Im
∗ )

2n

2n (2n)!
(2n − 1)!!
(2n)!!

]
.

(3.14)

The presented solution is the analytical solution for daily watercolumn
production. For unit biomass it is also a solution for normalized produc-
tion. The expression in parentheses in (3.14) depends only on Im

∗ and
can be denoted as a function f (Im

∗ ), similar to (2.31), in order to make
the solution less cumbersome. With this notation, previous expression
becomes simply:

PZ,T =
BPB

mD
K

f (Im
∗ ). (3.15)

Graph of f (Im
∗ ) is given in Figure 12. It is clear from the given solution

that daily watercolumn production has a linear dependence on biomass
B and daylength D. Nonlinear dependencies arise with respect to pho-
tosynthesis parameters αB and PB

m, and irradiance Im
0 . It is necessary to

emphasize the inverse proportionality of watercolumn production and
the attenuation coefficient K.

Since it was published, solution [47] has seen many applications: in
the study of the interaction of mixing depth and primary production [48],
in the context of Sverdrup’s critical depth theory [38], in the assessment
of primary production via satellites [44], as elements of climate models
[44] and for explaining the dynamics of high nutrient - low chrollophyll
zones [39, 46].



48 watercolumn production

I 
*

m
15 20 25105

0

1

2

3

4
I 
*

mf(   ) 

Figure 12: Dimensionless function f (Im
∗ ) from the analytical solution for daily watercol-

umn production (3.15) with uniform biomass.

The assumption of an infinitely deep water column is obviously not
met in the ocean. However, due to a decline in irradiance with depth, and
subsequently production, the contribution of production at any given
depth to watercolumn production declines with depth. Due to this,
keeping infinity as the limit in the vertical integration for the open ocean
is a reasonable assumption and does not lead to grave error, provided
the ocean is well mixed.

Typically, the upper ocean layer is well mixed and uniform in prop-
erties, therefore the assumption of uniform biomass holds. This layer
is historically referred to as the mixed layer [15]. Below the mixed
layer biomass tends to be stratified, therefore the assumption of uniform
biomass breaks down. We now proceed to demonstrate how to calculate
mixed layer production and subsequently watercolumn production with
a shifted Gaussian biomass profile.
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3.3 mixed layer production

Consider a layer in which active mixing takes place extending from the
surface up to depth Zm (Figure 13), referred to as the mixed layer depth.
Production taking place in this layer is referred to as the mixed layer
production (mg C m−2), stated mathematically as:

PZm,T =

Zm∫
0

D∫
0

P(z, t)dt dz. (3.16)

z 

0

Zm

P  Zm,T

P (z)T

Figure 13: Sketch of mixed layer production PZm ,T (light blue area) as the vertical integral
of the daily production profile PT(z) (thick blue curve) from the surface z = 0
to the mixed layer depth Zm (red line).
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Following (3.7) the previous integral translates to:

PZm,T = BPB
m

Zm∫
0

D∫
0

[
1 − exp

(
− αB Im

0 sin(πt/D)e−Kz/PB
m

)]
dt dz, (3.17)

where we acknowledge biomass as being uniform in the mixed layer. To
solve this integral we first observe the following:

PZm,T =

Zm∫
0

PT dz =

∞∫
0

PT dz −
∞∫

Zm

PT dz. (3.18)

The first integral on the right hand side calculates watercolumn produc-
tion, whereas the second one calculates production of the layer below
Zm. Given that biomass is uniform, we observe that the second integral
can be interpreted as the production of an infinitely deep water column
forced with surface irradiance equal to:

I(Zm, t) = Im
0 e−KZm sin(πt/D), (3.19)

as shown in Figure 14. Noon irradiance at mixed layer depth equals
Im
0 e−KZm . If in place of Im

0 in the expression for surface irradiance (2.9) we
use Im

0 e−KZm , solution (3.15) yields daily production of the layer below
Zm:

∞∫
Zm

PT(z) dz =
BPB

mD
K

f (Im
∗ e−KZm), (3.20)

again shown in Figure 14, where in place of Im
∗ we now have Im

∗ e−KZm . By
inserting (3.15) and (3.20) into (3.18) we obtain:

PZm,T =
BPB

mD
K

[
f
(

Im
∗
)
− f

(
Im
∗ e−KZm

) ]
, (3.21)

as the solution for daily mixed layer production. This solution could have
also been found by direct integration of (3.17) following the procedure
used to solve for PZ,T.
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P  Zm,T
I(0,t)e-KZm

ZmZm

I(0,t)

z 

0
P (z)T

z 

0
P (z)T

Figure 14: Mixed layer production PZm ,T depicted as the difference between watercol-
umn production PZ,T , forced by I(0, t) and the production of the portion of
the water column below the mixed layer, forced by I(0, t)e−KZm .

3.4 watercolumn production with a shifted gaussian biomass

profile

The previously presented solution for the normalized production profile
(2.33) can be used to solve integral (3.1) in a more general case when the
biomass profile is described by the shifted Gaussian function (2.45). The
contribution to watercolumn production from the constant term in the
Gaussian B0 is given by (3.15). Therefore, only the contribution from the
vertically dependent term has to be found.
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Following (3.4) watercolumn production equals the product of the
biomass profile and the normalized production profile. Acknowledging
the shifted Gasussian (2.45) in place of B(z), we are interested in the
solution of the following integral:

PZ,T =

∞∫
0

[
B0 +

h
σ
√

2π
exp

(
− (z − zm)2

2σ2

)]
PB

mD fz
(

Im
∗ e−Kz)dz. (3.22)

The contribution to watercolumn production from the uniform biomass
term B0 is already known, namely (3.15), therefore:

PZ,T =
B0PB

mD
K

f (Im
∗ ) +

∞∫
0

h
σ
√

2π
exp

(
− (z − zm)2

2σ2

)
PB

mD fz
(

Im
∗ e−Kz)dz.

(3.23)
We label the integral on the right hand side as:

∆PZ,T =
PB

mDh
σ
√

2π

∞∫
0

exp
(
− (z − zm)2

2σ2

)
fz
(

Im
∗ e−Kz)dz, (3.24)

and it gives the contribution to watercolumn production due to the
non-uniformity of the Gaussian profile. For notational simplicity, the fz

function (2.32) will be written as:

fz

(
Im
∗ e−Kz

)
=

∞

∑
n=1

M(n) e−(2n−1)Kz −
∞

∑
n=1

N(n) e−2nKz, (3.25)

where M(n) and N(n) contain the terms that do not depend on z. With
this notation, the previous integral becomes:

∆PZ,T =
PB

mDh
σ
√

2π

∞∫
0

exp
(
− (z − zm)2

2σ2

)
×

[
∞

∑
n=1

M(n) e−(2n−1)Kz −
∞

∑
n=1

N(n) e−2nKz

]
dz.

(3.26)
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In the obtained expression the sum and the integral can change places:

∆PZ,T = PB
mD

h
σ
√

2π

[
∞

∑
n=1

M(n)
∞∫

0

exp
(
− (z − zm)2

2σ2 − (2n − 1)Kz
)

dz

−
∞

∑
n=1

N(n)
∞∫

0

exp
(
− (z − zm)2

2σ2 − 2nKz
)

dz

]
.

(3.27)

The same form of the integral appears in both terms, with a minor
difference only in the 2n term in the place of 2n − 1 term in the second
integral. We will first demonstrate how to solve this integral in case of
odd integers, namely:

∞∫
0

exp
(
− (z − zm)2

2σ2 − (2n − 1)Kz
)

dz. (3.28)

As a starting point we rewrite the argument of the exponential function
into the following form:

− (z − zm)2

2σ2 − (2n − 1)Kz = − 1
2σ2 (z

2 − 2(zm − (2n − 1)σ2K)z + z2
m).
(3.29)

We then introduce the following label:

zm − (2n − 1)σ2K = z2n−1, (3.30)

and after some algebra obtain:

− (z − zm)2

2σ2 − (2n − 1)Kz = − 1
2σ2 (z

2 − 2z2n−1z + z2
m)

= − 1
2σ2 (z

2 − 2z2n−1z + z2
2n−1 − z2

2n−1 + z2
m)

= − 1
2σ2 (z

2 − 2z2n−1z + z2
2n−1) +

1
2σ2 (z

2
2n−1 − z2

m)

= − 1
2σ2 (z − z2n−1)

2 +
1

2σ2 (z
2
2n−1 − z2

m).

(3.31)
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Inserting this expression back into (3.28) yields:

∞∫
0

exp
(
− (z − zm)2

2σ2 − (2n − 1)Kz
)

dz =

exp

(
z2

2n−1 − z2
m

2σ2

) ∞∫
0

exp
(
− (z − z2n−1)

2

2σ2

)
dz.

(3.32)

Employing the following change of variables:

x =
z − z2n−1√

2σ
, (3.33)

the integral on the right hand side becomes:

∞∫
0

exp
(
− (z − z2n−1)

2

2σ2

)
dz =

√
2σ

∞∫
z2n−1

exp(−x2)dx. (3.34)

Now again, the integral on the right hand side of this expression can be
split into two integrals:

∞∫
z2n−1

exp(−x2)dx =

0∫
z2n−1

exp(−x2)dx +

∞∫
0

exp(−x2)dx, (3.35)

The solutions to these integrals are given by the error function Φ(x).
Finally the solution to (3.34) is:

∞∫
0

exp
(
− (z − z2n−1)

2

2σ2

)
dz = σ

√
π

2

(
1 + Φ

(
z2n−1√

2σ

))
. (3.36)

The solution for even integers is identical with the only difference that
2n appears in the place of 2n − 1.
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At last the overall solution to (3.27) is:

∆PZ,T =PB
mD

h
2
×[

∞

∑
n=1

exp
(

z2
2n−1 − z2

m

2σ2

)
2 (Im

∗ )
2n−1

π (2n − 1)!
(2n − 2)!!
(2n − 1)!!

(
1 + Φ

(
z2n−1√

2σ

))

−
∞

∑
n=1

exp
(

z2
2n − z2

m
2σ2

)
(Im

∗ )
2n

(2n)!
(2n − 1)!!
(2n)!!

(
1 + Φ

(
z2n√

2σ

)) ]
,

(3.37)

where the ∆PZ,T depends explicitly on the values of h, zm, σ, αB, PB
m, Im

0
and D. The derived mathematical expression gives the quantity of carbon
assimilated during one day per meter squared of the ocean surface, by
phytoplankton distributed vertically according to the shifted Gaussian
function (2.45), shown in Figure 9.

The shifted Gaussian is flexible enough to describe various features
in the measured chlorophyll profiles and therefore this solution covers
a wide range of situations encountered in the field. That flexibility is
achieved by altering the parameters of the function, namely: B0, zm, σ

and h. The disadvantage is that in addition to the six basic quantities:
αB, PB

m, B0, Im
0 , D and K, which appear in the canonical solution, the

solution for the shifted Gaussian has three more: zm, σ and h. To apply
the solution, the values of these quantities need to be specified.

The solution was derived with the help of the solution for the nomi-
nalized production profile (2.33), which reduced (3.1), an integral over
time and depth, to an integral over depth alone. This enabled the vertical
integration of (3.22) to be carried out. However, there is a deeper connec-
tion between the analytical solution for watercolumn production with
uniform biomass (3.15) and the production profile (2.33), which makes
this possible. We now explore this connection and provide another way
to derive the solution for the production profile, which will subsequently
be used to derive a general solution for watercolumn production.
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3.5 alternative derivation of the production profile

We begin by considering daily production in the layer extending from
Z1 to Z2, such that Z1 < Z2, assuming uniform biomass (Figure 15).
According to the notation used thus far, the production of an arbitrary
layer that extends between depths Z1 and Z2 is equal to:

PZ1,Z2,T =

Z2∫
Z1

PT(z)dz =

∞∫
Z1

PT(z)dz −
∞∫

Z2

PT(z)dz. (3.38)

Following a similar reasoning to the one presented in the derivation of
the solution for mixed layer production, we first observe that light at
depth Zi equals I(Zi, t) = Im

0 e−KZi sin(πt/D). Therefore, if in place of
Zm in expression (3.20) we use Zi, the solution still holds and we have:

∞∫
Zi

PT(z) dz =
BPB

mD
K

f (Im
∗ e−KZi), (3.39)

where the f (Im
∗ e−Kz) reads:

f (Im
∗ e−Kz) =

∞

∑
n=1

2
(

Im
∗ e−Kz)2n−1

π (2n − 1) (2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(
Im
∗ e−Kz)2n

2n (2n)!
(2n − 1)!!
(2n)!!

,

(3.40)

and should not be confused with the fz function from the solution for
daily normalized production (2.32). By inserting (3.39) into (3.38) we get:

PZ1,Z2,T =
BPB

mD
K

[
f
(

Im
∗ e−KZ1

)
− f

(
Im
∗ e−KZ2

) ]
, (3.41)

According to expression (3.41), the solution for production of an arbitrary
layer is equal to the production below depth Z1 minus the production
below depth Z2. It is easy to check that in the case of Z1 = 0 and Z2 = ∞,
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I(0,t)e-KZi

Z2
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0
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0
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Figure 15: Production of a finite layer, from Z1 to Z2, depicted as the difference between
watercolumn production below Z1, forced by I(0, t)e−KZ1 and the production
of the portion of the water column below Z2, forced by I(0, t)e−KZ2

from (3.41) we get (3.15). Subsequently, by relabelling the depths Z1 and
Z2 as:

∆Z = Z2 − Z1, z = Z1, (3.42)

we get:

Pz,z+∆Z,T =
BPB

mD
K

[
f
(

Im
∗ e−Kz)− f

(
Im
∗ e−K(z+∆Z))]. (3.43)

This expression gives the production in the layer extending from z to
z + ∆Z (Figure 16).
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Dividing by the layer thickness gives the average layer production per
unit volume: where B is the uniform biomass in the layer. Since the
biomass is uniform, the entire expression divided by B gives the average
normalized production per unit volume:

⟨PB
T ⟩ =

PB
mD
K

[
f
(

Im
∗ e−Kz)− f

(
Im
∗ e−K(z+∆Z))

∆Z

]
. (3.44)

Production of each layer can be calculated separately and the biomass can
vary between layers. For the accuracy of this solution, it is not necessary
for the biomass to be equal in each layer. In the limit of ∆Z → 0, average
normalized production ⟨PB

T ⟩ becomes PB
T (z) (Figure 16) and the previous

expression becomes:

PB
T (z) = −PB

mD
K

lim
∆Z→0

f
(

Im
∗ e−K(z+∆Z))− f

(
Im
∗ e−Kz)

∆Z
, (3.45)

where the negative sign is simply extracted from the expression under the
limit. The limit in the previous expression corresponds to the z derivative
of the f

(
Im
∗ e−Kz) function (3.40):

PB
T (z) = −PB

mD
K

d
dz

f
(

Im
∗ e−Kz). (3.46)

Multiplying 1/K and d f / dz we define fz
(

Im
∗ e−Kz) as:

fz
(

Im
∗ e−Kz) = − 1

K
d
dz

f
(

Im
∗ e−Kz). (3.47)

With this definition, expression (3.46) becomes:

PB
T (z) = PB

mD fz
(

Im
∗ e−Kz), (3.48)

where fz
(

Im
∗ e−Kz) is obtained by differentiating (3.40) by z and dividing

by K. By comparison with (2.33) we observe the two expressions are
identical. Therefore, a mathematical relation existis between the f func-
tion (3.40) and the fz function (2.32). Historically, this was the original
derivation of the fz function [32], hence the z in the subscript.
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Figure 16: Illustration of the main idea in the alternative derivation of the production
profile. The left image shows the biomass profiles: uniform (blue line) and
non-uniform (red curve). The right figure shows the production profiles:
the production profile for the uniform biomass profile (blue curve) and the
production profile for the non-uniform biomass profile (red curve).

3.6 general solution

The derived relation between the f and the fz functions enables us to find
a general solution for watercolumn production in case of an arbitrary
biomass profile, under the assumption that B(z) is a continuous function.
We start with (3.4) which we restate here for clarity:

PZ,T =

∞∫
0

B(z)PB
T (z)dz. (3.49)
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By inserting (3.46) we obtain the following:

PZ,T = −PB
mD
K

∞∫
0

B(z)
d
dz

f
(

Im
∗ e−Kz)dz. (3.50)

Further on, proceeding with integration by parts yields:

PZ,T =
PB

mD
K

(
B(0) f (Im

∗ ) +

∞∫
0

dB(z)
dz

f
(

Im
∗ e−Kz)dz

)
, (3.51)

where the following condition was used:

B(∞) f (Im
∗ e−K∞) = 0. (3.52)

The derived expression (3.51) is a formal relation between the canonical
solution (3.15) and any solution for watercolumn production with strat-
ified biomass. The effect of surface biomass B(0) on the magnitude of
watercolumn production PZ,T is clearly emphasised: surface biomass is a
leading factor in PZ,T. The significance of this result is emphasized given
that surface biomass is readily accessible to satellite measurement. There-
fore, if the remotely-sensed surface biomass is precise, and assuming the
remaining parameters of the model are characteristic of the ocean region
in question, the error in the estimated watercolumn production arises
solely as a consequence of the error in estimating the biomass profile,
which is inaccessible to remote sensing and has to be assigned based on
prior information [43].

As for the second term, it gives the contribution arising from the
shape of the biomass profile. For an increase in biomass with depth,
dB(z)/ dz > 0, this contribution is positive. For a decline in biomass
with depth, dB(z)/ dz < 0, this contribution is negative. The differential
change in biomass with depth dB(z)/ dz is multiplied by the f (Im

∗ e−Kz)

function. The product dB(z) f (Im
∗ e−Kz) gives the production that would

occur below depth z in case the biomass below z were equal to dB(z).
Total contribution from all infinitesimal changes in B(z) is taken into
account by the integral on the right hand side of (3.51). With increase in
depth, the contribution from biomass variation decreases, simply because
production declines with increasing depth (2.38).



3.7 biooptical feedback 61

3.7 biooptical feedback

Thus far in calculating watercolumn production we have treated K as a
constant independent of B. We now explore the effect of acknowledging
K as a function of B. In this case, biomass too causes light attenuation.
We only consider the case of uniform biomass and model the attenuation
coefficient as a simple linear relation (2.11), restated here:

K = Kw + kbB. (3.53)

When the biomass is vertically uniform, solution (3.15) also applies to the
case of the attenuation coefficient given by the previous expression and
we have:

PZ,T =
B

Kw + kbB
PB

mD f (Im
∗ ). (3.54)

Now the dependence of PZ,T on biomass is not linear, which is a conse-
quence of light attenuation caused by biomass. To analyse the depen-
dence of PZ,T on biomass, we simply take the derivative of the resulting
expression with respect to biomass:

∂PZ,T

∂B
=

Kw

(Kw + kbB)2 PB
mD f (Im

∗ ). (3.55)

If there is an upper limit on watercolumn production, with respect to
biomass, the derivative of PZ,T should vanish for high values of biomass.
That this is indeed the case can be verified easily by calculating the limit
of the previous expression in the case when biomass tends to infinity:

lim
B→∞

∂PZ,T

∂B
= 0. (3.56)

The obtained expression shows that the increase in production does not
always follow linearly the increase in biomass, but production becomes
limited. With the growth of biomass, light attenuation increases and
the biomass itself prevents higher levels of production. At high biomass
values, the attenuation coefficient can be written as [47]:

K ≈ kbB. (3.57)
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The upper limit of water column production in this case reads:

PZ,T = PB
mD f (Im

∗ ) lim
B→∞

(
B

Kw + kbB

)
=

PB
mD
kb

f (Im
∗ ). (3.58)

Now the phytoplankton itself significantly limits the penetration of light
through the water column and consequently limits the production of the
water column. This effect is expressed only for high values of biomass,
more precisely high concentrations of phytoplankton. At low phytoplank-
ton concentrations, watercolumn production PZ,T is well approximated
using only Kw for the attenuation coefficient. With increasing biomass,
production increases, but so does the attenuation coefficient Kw + kbB.
Finally, the influence of light attenuation caused by a high concentration
of phytoplankton dominates and the upper limit of production equals
(3.58).

3.8 relation to growth models

In the case of a mixed layer, an exact expression relating biomass accu-
mulation and water column production can be derived. Let us consider a
mixed layer of depth Zm. To simplify notation we introduce the following
label for the total biomass in the mixed layer (mg Chl m−2):

BZm(t) =
Zm∫
0

B(z, t)dz. (3.59)

At initial time we assume biomass in the mixed layer as uniform:

BZm(0) = B0Zm. (3.60)

Let us assume that mixed layer production PZm(t), given as:

PZm(t) =
Zm∫
0

P(z, t)dz, (3.61)

leads to newly synthesized biomass. Let us also assume that the newly
synthesized mixed layer biomass at time t is redistributed through the
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mixed layer during a time interval ∆t, so that no stratification in biomass
occurs at t + ∆t. Mixed layer biomass at time t + ∆t is now:

BZm(t + ∆t) = BZm(t) +
1
χ

PZm(t)∆t. (3.62)

Due to vertical uniformity in biomass, instantaneous mixed layer produc-
tion equals:

PZm(t) =
1

Zm
BZm(t)PB

Zm
(t), (3.63)

so that for biomass at time t + ∆t we have:

BZm(t + ∆t) = BZm(t) +
1

χZm
PB

Zm
(t)BZm(t)∆t. (3.64)

In the limit of ∆t → 0, implying instantaneous mixing of newly synthe-
sized biomass, the previous equation becomes:

∂

∂t
BZm(t) =

1
χZm

PB
Zm
(t)BZm(t). (3.65)

The solution to this equation at time D is:

BZm(D) = BZm(0) exp

(
1

χZm

D∫
0

PB
Zm
(t)dt

)
. (3.66)

The integral in the exponential function is given in (3.21):

D∫
0

PB
Zm
(t)dt =

PB
mD
K

[
f
(

Im
∗
)
− f

(
Im
∗ e−KZm

) ]
. (3.67)

Taking into account the initial condition (3.60) along with the previous
expression, the solution to (3.65) reads:

BZm(D) = B0Zm exp
[

PB
mD

χZmK

[
f (Im

∗ )− f (Im
∗ e−KZm)

] ]
. (3.68)
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Mixed layer production is now the difference between BZ(D) and BZ(0)
multiplied by χ:

PZm,T = χB0Zm

[
exp

[
PB

mD
χZmK

(
f (Im

∗ )− f (Im
∗ e−KZm)

) ]
− 1

]
. (3.69)

The implicit assumption worth stating here is that all production goes to
newly sensitized biomass. If this were not the case an additional loss term
should be added to the equation, which will be done if later chapters.
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3.9 problems

1. Build a numerical model for calculating watercolumn production
(3.1). First, split the water column into layers, each of ∆z depth. Second,
split daylength D into discrete time intervals, each of ∆t duration. Use
all the other assumptions as in the analytical model. Now watercolumn
production is given as:

PZm,T =
N

∑
n=1

J

∑
j=1

Pj
n∆t∆z, (3.70)

where we have labelled production at depth zn and time tj as Pt
n:

Pt
n = P(zn, tj) = B(n∆z)

[
1 − exp

(
− αB Im

0 sin(π j∆t/D)e−Kn∆z
/

PB
m

)]
,

(3.71)
where zn = n∆z, with n = 1, 2, ..., N and tj = j∆t, with j = 1, 2, ..., J. Test
the numerical model by calculating watercolumn production for uniform
biomass. Plot the numerical solution as a function of dimensionless
irradiance Im

∗ in the same manner as the canonical solution shown in
Figure 12.

2. Use the model from the previous problem with different photo-
synthesis irradiance functions (1.27, 1.28, 1.29, 1.30, 1.31). Set biomass
as uniform and plot the obtained numerical solutions together with the
canonical solution. Calculate the difference between the canonical solu-
tion and the numerical ones.

3. Use the model from the first problem to calculate wattercolumn
production with the shifted Gaussian biomass profile (2.45). Fix all the
Gaussian parameters apart from the depth of the maximum zm, which
you vary. Calculate watercolumn production as a function of zm, by
varying it from zm = 0 to zm = 200.
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4. Use the model from the first problem with the shifted Sigmoid
biomass profile (2.48). Set the mid point zm equal to the mixed layer
depth Zm and explore the behaviour of the numerical solution for wa-
tercolumn production by varying σ. Observe the model behaviour as
σ → ∞. Compare the numerical solution to the analytical solution for
mixed layer production (3.21) with a fixed zm = Zm and a sequence of
values for σ.

5. Plot the solution for mixed layer production (3.21) as a function
of mixed layer depth. Calculate the average mixed layer production
PZm,T/Zm and plot it, also as a function of mixed layer depth. Discuss the
difference between the two plots.

6. Calculate watercolumn production by acknowledging the depen-
dence of the attenuation coefficient on biomass in the light penetration
model (2.11). Employ uniform biomass, the shifted Gaussian biomass
profile and the shifted Sigmoid biomass profile. Calculate production by
varying B0 from B0 = 0.01 mg Chl m−3 to B0 = 10 mg Chl m−3.

7. Build a numerical model that solves equation (3.65). Explore how the
biomass evolves over time with two models for the attenuation coefficient,
first K = Kw and second K = Kw + kBB(t). Plot biomass as a function of
time for both cases.
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M AT R I X M O D E L

The previously presented model of primary production and analytical
solutions form a closed whole. With the knowledge of the values of
the model parameters, daily production profile and daily watercolumn
production can be calculated. The common limitation of the analytical
solutions is the simple treatment of surface irradiance and the vertical
uniformity of photosynthetic parameters, which somewhat limits the
range of applicability of the model.

Also, the solutions are only valid for the exponential photosynthesis
irradiance function [60, 42]. Other functions are also used in practice, but
no analytical solutions for the daily production profile or daily watercol-
umn production are known for them. Therefore, the application of the
model in more complex situations and with other photosynthesis irradi-
ance functions is naturally realized by numerical methods. This chapter
describes the discretization of the analytical model and the development
of the matrix formalism for calculating the daily production profile and
daily watercolumn production.

In a numerical model continuous time and continuous space become
discrete. Consequently, integrals become sums and derivatives are ex-
pressed algebraically. In matrix notation these sums become matrix
products, which are simpler to handle, both mathematically and numeri-
cally when implementing the model. The matrix equations are concise
and the notation elegantly packs rather long algebraic expressions into
short ones. This adds clarity to the model structure. It also simplifies
model implementation.

67
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4.1 discretization of the analytical model

Let the numerical model have N vertical levels at depths zn, indexed by
n, and J time intervals indexed by j. The depth z is positive downwards
and n increases with depth so that:

zn < zn+1, (4.1)

holds, as shown in Figure 17, with n = 1, 2, ..., N. The water column is
of depth Z, such that the depth interval between two consecutive model
levels is equal to:

∆z =
Z
N

. (4.2)

The first model level is set to:

z1 =
∆z
2

. (4.3)

Each time interval is equal to:

∆t =
D
J

, (4.4)

such that discrete time tj is defined as:

tj = j∆t, (4.5)

with j = 1, 2, ..., J. The described spatial and temporal discretization
enables us to rewrite the analytical expressions for the model in numer-
ical form. We begin with the discretization of the expression for daily
production (2.5) at depth zn:

PT(zn) ≈ B(zn)
J

∑
j=1

pB(I(zn, tj)
)
∆t. (4.6)

The right hand side of this expression uses biomass at depth zn (Figure 17)
and approximates daily production as a sum, rather than as an integral,
like in (2.5). This sum can be denoted by Pn,T. In the limit of ∆t going to
zero, we have:

lim
∆t→0

Pn,T = PT(zn). (4.7)
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n +1
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1n

B(zn)
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z 

0

Figure 17: Vertical discretization of the biomass profile in the vicinity of depth
zn. The distance between two arbitrary vertical levels ∆z need not be
equal. Biomass B(zn) (red dot) represents the biomass for the entire
∆z layer centred around zn (blue line). The same holds for the vertical
discretization of the production profile (not shown).

The sum on the right side of expression (4.6) approximates daily normal-
ized production PB

T (zn) and is denoted here by PB
n,T:

PB
n,T =

J

∑
j=1

pB(I(zn, tj)
)
∆t. (4.8)

In this case also, in the limit when ∆t tends to zero, it holds:

lim
∆t→0

PB
n,T = PB

T (zn). (4.9)
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Therefore, both numerical expressions converge to the analytical ones in
the limit of small ∆t, as expected. Hence, the accuracy of the numerical
calculations for a given depth zn is dictated, and can be improved by,
decreasing ∆t.

Next, to numerically calculate watercolumn production PZ,T, expres-
sion (3.1) needs to be discretized. Its discretization reads:

PZ,T ≈
N

∑
n=1

B(zn)

[
J

∑
j=1

pB(I(zn, tj)
)
∆t

]
∆z. (4.10)

The double sum on the right hand side of the expression (4.10) approxi-
mates daily watercolumn production PZ,T. In the limit when both ∆t and
∆z tend to zero, (4.10) goes to (3.1).

The model can also be amended such that the vertical intervals are not
equal. The reason for doing this is the fact that in field work primary
production measurements are often not distributed at equal depths from
each other. Therefore, a given measurement is representative of a layer
extending from halfway between the level, above the given level, to
halfway between the given level, to the level below. Also, when the
model is used to compare measurements with model predictions, setting
model depths equal to the measurement depths is preferable. In this case
each level zn is assigned a depth interval ∆zn:

∆zn =
zn+1 − zn−1

2
, (4.11)

for n = 2, 3, ..., N − 1. The first vertical increment is set to:

∆z1 =
z1 + z2

2
, (4.12)

and the last one to:
∆zN = zN − zN−1. (4.13)

Having described the discretization of the analytical model, we now
proceed to present the matrix formalism for calculating the daily produc-
tion profile and watercolumn production. The formalism holds for both
arbitrary and uniform vertical increments, but for pedagogical reasons
will be presented with with uniform vertical increments.
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4.2 matrix formalism

With a few additional definitions, the previous sums can be concisely writ-
ten using matrix formalism. We begin by first observing that irradiance
at the depth zn at the time tj can be denoted simply as:

Inj = I
(
zn, tj

)
. (4.14)

The irradiance matrix I (dimension N × J) is defined as a matrix whose
elements are Inj (Figure 18). Therefore, irradiance conditions of the entire
model are contained in the irradiance matrix:

I =



I11 I12 . . . I1j . . . I1J

I21 I22 . . . I2j . . . I2J

...
...

. . .
...

. . .
...

In1 In2 . . . Inj . . . InJ

...
...

. . .
...

. . .
...

IN1 IN2 . . . INj . . . INJ


. (4.15)

Each row of the irradiance matrix is equal to the time series of irradiance
at depth zn, while each column is equal to the vertical profile of irradiance
at time tj. Elements of the irradiance matrix can be calculated with any
optical model. For example, by using (2.13) we have:

Inj = I0j exp (−Kzn) , (4.16)

where the surface irradiance now is given as:

I0j = I0
(
tj
)

. (4.17)

Unlike the idealized surface irradiance model (2.9), surface irradiance
here I0j can now be any function, even discontinuous.

Next, we observe that when an individual element of the irradiance
matrix Inj is taken as an argument of the photosynthesis irradiance
function we obtain normalized production at depth zn and time tj, which
we label pB

nj:
pB

nj = pB (Inj
)

. (4.18)
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n +1
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1n

z 

0 tj +1j1j

n jI

Figure 18: Sketch of the irradiance matrix I which collects irradiance values at
depths zn and times tj, such that its elements are Inj = I

(
zn, tj

)
(red

point). In the (z, t) plane the blue line equals ∆z and the grey line
equals ∆t.

Subsequently, normalized production matrix PB (dimension N × J) is
defined as a matrix whose elements are pB

nj (Figure 19):

PB =



pB
11 pB

12 . . . pB
1j . . . pB

1J

pB
21 pB

22 . . . pB
2j . . . pB

2J

...
...

. . .
...

. . .
...

pB
n1 pB

n2 . . . pB
nj . . . pB

nJ

...
...

. . .
...

. . .
...

pB
N1 pB

N2 . . . pB
Nj . . . pB

NJ


. (4.19)
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n +1
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1n
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0 tj +1j1j

n jpB

Figure 19: Sketch of the normalized production matrix PB which collects normal-
ized production values at depth zn and time tj, such that its elements
are pB

nj = pB(Inj). In the (z, t) plane the blue line equals ∆z and the
orange line equals ∆t.

Each row of this matrix is equal to the time series of normalized pro-
duction at depth zn, while each column is equal to the vertical profile of
normalized production at time tj. To calculate production at depth zn and
time tj we simply multiply each row of this matrix by the corresponding
biomass at that depth:

P(zn, tj) = B (zn) pB (Inj
)

, (4.20)

This expression is a discrete version of expression (2.3), now with biomass
independent of time. To write the previous expression in matrix form
we define the biomass matrix B (dimension N × N) as a diagonal matrix
whose elements are equal to:

bnm = δnmB(zn), (4.21)
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where δnm is the Kronecker delta symbol. Written out in matrix notation
the biomass matrix B reads:

B =


B(z1) 0 . . . 0

0 B(z2) . . . 0
...

...
. . .

...

0 0 . . . B(zN)

 . (4.22)

Now, in analogy to how production at depth is calculated by multiplying
biomass with normalized production, we extend the concept to matrix
form in the following manner. We recognize that the matrix product
of the biomass matrix with the normalized production matrix gives the
production matrix P (dimension N × J) :

P = BPB, (4.23)

whose elements are:
pnj = B(zn)pB(Inj). (4.24)

Each row of the production matrix is equal to the time series of produc-
tion at depth zn, while each column is equal to the vertical profile of
production at time tj. Therefore, the production matrix contains all the
information needed to calculate watercolumn production and the daily
production profile numerically. To carry out these calculations in matrix
form we proceed to define another two matrices.

By defining the time matrix τ (dimension J × 1), which has all its
elements equal and given as:

τj = ∆t, (4.25)

time integration it is simply carried out as:

pT = Pτ, (4.26)

and thus a discrete daily production profile pT is obtained (dimension
N × 1), whose elements are equal to (4.6). The discrete normalized daily
production profile pB

T (dimension N × 1) is obtained simply as:

pB
T = PBτ, (4.27)



4.2 matrix formalism 75

whose elements are equal to (4.8). Having a model for the discrete
production profile, we can now move forward and calculate watercolumn
production PZ,T in line with the double sum (4.10). To achieve this,
vertical integration of pT is required. The vertical increments matrix ζ

(dimension 1 × N) is defined as a matrix whose elements are equal to the
vertical increment ∆z around the vertical level zn, as defined in (4.2):

ζn = ∆z. (4.28)

For ζ the following holds:

N

∑
n=1

ζn = Z, (4.29)

where Z is the depth of the water column. Finally, daily watercolumn
production is now given as:

PZ,T = ζPτ. (4.30)

The given expression is analogous to expression (3.1) and is equal to its
numerical counterpart (4.10). Expressions (4.26) and (4.30) are two funda-
mental relations of the matrix model for daily primary production. The
two can be combined into the following expression for daily watercolumn
production:

PZ,T = ζpT. (4.31)

Written in this form it is obvious that the vertical increments matrix ζ is
in fact a row vector. It enables vertical summation of the daily production
profile pT to be carried out simply as a matrix product of ζ with it. In
the same manner the time matrix τ is a column vector, which enables
the summation over time to be carried out simply as a matrix product in
(4.26).

All of the above matrix expression are mathematically equivalent to the
numerical form of the basic integrals, such as (2.5) and (3.1), in the limits
of small ∆t and ∆zn. To demonstrate in more detail that these matrix
expressions translate to the their numerical counterparts, (4.6) and (4.10),
we now present a detailed derivation of the matrix model.
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4.3 derivation of the matrix model

The expression for PB
n,T (4.8) can be written as a scalar product of two

vectors:

PB
n,T =

[
pB

n1 pB
n2 . . . pB

nT
] [

∆t ∆t . . . ∆t
]T

, (4.32)

where:
pB

nj = pB(I(zn, tj)
)
. (4.33)

The given expression is valid for each vertical level zn. Collecting pB
nj

elements into a matrix yields:

PB
1,T

PB
2,T

...

PB
n,T

...

PB
N,T


=



pB
11 pB

12 . . . pB
1j . . . pB

1T

pB
21 pB

22 . . . pB
2j . . . pB

2T

...
...

. . .
...

. . .
...

pB
n1 pB

n2 . . . pB
nj . . . pB

nT

...
...

. . .
...

. . .
...

pB
N1 pB

N2 . . . pB
Nj . . . pB

NT





∆t

∆t

...

∆t

...

∆t


. (4.34)

The given expression can be abbreviated as:

pB
T = PBτ, (4.35)

where pB
T is the normalized discrete production profile, τ is the time

matrix, and PB is the normalized production matrix. Further, using (4.8),
the expression (4.10) can be written as:

PZ,T ≈
N

∑
n=1

B(zn)PB
n,T∆z, (4.36)

which is equal to the following dot product:

PZ,T =
[
∆z ∆z . . . ∆z

] [
B(z1)PB

n,T B(z2)PB
n,T . . . B(zN)PB

N,T

]T
.

(4.37)
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The elements of the rightmost vector in the given expression correspond
to the daily production at the vertical level zn:

Pn,T = B(zn)PB
n,T. (4.38)

Using the biomass matrix B, defined in the previous subsection as a diag-
onal matrix with biomass values on the diagonal, the previous expression
can be written for each vertical level and summarized as:

pT = BpB
T, (4.39)

where pT is the discrete production profile. Inserting (4.35) for pB
T yields:

pT = BPBτ. (4.40)

The given expression corresponds to the right vector in expression (4.37),
while the left vector in expression (4.37) corresponds to the row matrix of
vertical increments ζ. Now, daily watercolumn production as expressed
by (4.37) can be written in matrix form as:

PZ,T = ζBPBτ. (4.41)

Expanded, the matrix product BPB reads:

BPB =



B(z1) 0 . . . 0

0 B(z2) . . . 0

...
...

. . .
...

0 0 . . . B(zN)





pB
11 pB

12 . . . pB
1T

pB
21 pB

22 . . . pB
2T

...
...

. . .
...

pB
N1 pB

N2 . . . pB
NT


(4.42)

Next, BPB is denoted by P, which is recognized as the production matrix:

BPB = P. (4.43)

Expanded the production matrix reads:

P =



p11 p12 . . . p1T

p21 p22 . . . p2T

...
...

. . .
...

pN1 pN2 . . . pNT


. (4.44)
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Taking all of this into account we get the expression for daily watercolumn
production as:

PZ,T = ζPτ. (4.45)

Since according to (4.33) each element of the normalized production
matrix is obtained using pB(I), it is necessary to know the irradiance
at the vertical level zn at the time instant tj, that is I(zn, j∆t). Denoting
I(zn, j∆t) with Inj and collecting all elements into a matrix of the same
size as PB, the irradiance matrix I emerges. Subsequently, treating pB[·] as
an elementwise operator acting on each element of the irradiance matrix,
in accordance with (4.18), we can write the following:

PB = pB[I], (4.46)

such that (4.45) becomes:

PZ,T = ζBpB[I]τ. (4.47)

Using the same notation the expression for the discrete production profile
(4.40) can be written as:

pT = BpB[I]τ. (4.48)

Stated in this form the expression highlights the central role of the
irradiance matrix in the model. We now look in more detail how to
calculate its elements.

4.4 calculating the irradiance matrix

We have observed in the prior section that the irradiance matrix plays a
central role in the matrix model. We now emphasise in more detail how
to calculate its elements. In general, any optical model can be used to do
this, but for simplicity we will limit ourselves here to the already used
model (2.13), according to which the elements of the irradiance matrix
are given as:

Inj = I0j exp (−Kzn) . (4.49)
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Kn-1

Kn+1

Kn
Inj

I

z 

I(n-1)j

I(n+1)j

I0j

Figure 20: Calculation of irradiance at level zn by knowing irradiance at the level
above zn−1 for vertically dependent attenuation coefficient. Irradiance at zn
is calculated by first attenuating the irradiance at the level above I(zn−1)
over depth ∆z/2 with Kn−1 and then subsequently attenuating the obtained
irradiance still further over ∆z/2 with Kn.

To implement it, the model requires information on surface irradiance:

I0j = I0
(
tj
)

. (4.50)

It treats the attenuation coefficient as a constant, whereas in general the
attenuation coefficient is not constant, but changes with depth. To take
this into account, a simple remedy is to assign different values of the
attenuation coefficient for each model layer, such that K becomes Kn:

Kn = K(zn). (4.51)
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Next, we recognize that irradiance at a given model level can be calculated
from knowing the irradiance at the level above and the attenuation
coefficient in between. If to each level a Kn value is assigned (Figure 20)
it is then valid in the depth range of that level, which is ∆zn as defined
in (4.2). Therefore, to get at irradiance at the level zn we need irradiance
value at the top of that layer, which is at zn − ∆z/2 and is given as:

I
(

zn −
∆z
2

)
= I(n−1)j exp

(
−Kn−1

∆z
2

)
. (4.52)

Next, having irradiance at the top of the layer, it is straightforward to
calculate it at the depth zn, by simply attenuating it with Kn for half a
layer depth:

Inj = I(n−1)j exp
(
−Kn−1

∆z
2

)
exp

(
−Kn

∆z
2

)
. (4.53)

In this manner irradiance at each level can be calculated and the irradiance
matrix values populated.

4.5 analogy amongst the models

To gain deeper insight into the mathematical structure of both the con-
tinuous and the matrix models we now employ the notion of the scalar
product of functions to highlight the mathematical symmetry amongst
the models. One form in which the watercolumn production integral
can be written is as the vertical integral of the production profile, which
itself is given as a product of the biomass profile and the normalized
production profile as PT(z) = B(z)PB

T (z), therefore we have:

PZ,T =

∞∫
0

B(z)PB
T (z)dz. (4.54)

Mathematically, the above integral is the inner product of the two func-
tions: B(z) and PB

T (z). In discrete form the approximation to this integral
reads:

PZ,T ≈
N

∑
n=1

B(zn)PB
T (zn)∆z. (4.55)
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If we now treat B(zn) and PB
T (zn) as vectors in an N dimensional space,

we can consider the above sum as a scalar product of the two vectors,
analogously to the just mentioned interpretation of (4.54). To unveil
where in the matrix model this analogy lies we consider equation (4.41),
which by using (4.35) we unpack here as:

PZ,T = ζBpT. (4.56)

The matrix product of ζ and B reads:

ζB =
[
B(z1)∆z B(z2)∆z . . . B(zN)∆z

]
. (4.57)

This is a row vector of the same size as pT and we label it as b, such that
elementwise we have:

bn = B(zn)∆z. (4.58)

Using b enables expression (4.56) to be rewritten as a scalar product of b
and pT:

PZ,T = bpT. (4.59)

By way of analogy this expression has the same mathematical structure
as (4.54). Namely, both expressions, (4.54) and (4.56), can be thought of
as inner products, with the difference that the first is an inner product
over a continuous variable z and the second one is an inner product over
a discrete space in which each dimension corresponds to a model depth
located at zn. In the limit of ever smaller depth intervals ∆z the two
expression should be equal to each other:

lim
∆z→0

bpT =

∞∫
0

B(z)PB
T (z)dz. (4.60)

Therefore, both models for watercolumn production can be thought of
in a similar fashion, as inner products, be it over a continuous space
(4.54), or over discrete space (4.56). The advantage of the matrix model
comes to the fore when using measured biomass profiles, or measured
surface irradiance. It is however, slightly more difficult to implement than
the analytical model in case the photosynthesis parameters are depth
dependent, which we now discuss.
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4.6 vertically dependent photosynthesis parameters

For calculating daily production at depth with vertically dependent photo-
synthesis parameters we have to first state the photosynthesis parameters
as functions of depth. For a depth dependent initial slope we have:

αB = αB(z), (4.61)

and for a depth dependent assimilation number we have:

PB
m = PB

m(z). (4.62)

As such it is simple to include it in the analytical model for the daily
production profile (2.34), by simply stating the parameters as functions
of depth:

PT(z) = B(z)PB
m(z)D fz

(
Im
∗ (z)e

−Kz), (4.63)

where now the dimensionless irradiance also becomes a function of depth:

Im
∗ (z) =

αB(z)Im
0

PB
m(z)

. (4.64)

However, it is now more difficult to calculate daily watercolumn pro-
duction analytically. However, in the matrix model the procedure for
calculating watercolumn production is straightforward, but including
vertically dependent photosynthesis parameters is a bit more tricky and
can done in a number of ways.

The easiest way to proceed is to amend (4.48), the matrix model ana-
logue to (4.63), by taking into account the vertical dependence of photo-
synthesis parameters. Subsequently, we have pB[·] act on each row of the
normalized production matrix with different values of photosynthesis
parameters:

PB =
N

∑
n=1

pB
[
EI
∣∣ αB(zn), PB

m(zn)
]
, (4.65)

where E is a matrix with a single unit element on the diagonal in the row
corresponding to the model level n. In such a way E is used to select
each row of the irradiance matrix. This expression corresponds to:

pB
nj = pB

(
Inj
∣∣ αB(zn), PB

m(zn)
)

, (4.66)
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where we have used the notation from (1.20) to highlight the vertical
dependence of the photosynthesis parameters. In this manner each row
of the production matrix can have different values of photosynthesis
parameters. Whilst the construction of the normalized production matrix
PB, as stated in (4.65), takes a bit more effort, the remainder of the model
stays the same.
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4.7 problems

1. Build the irradiance matrix as defined in (4.16). Write a code which
plots the irradiance profile at a desired time step, corresponding to a
matrix column. Write a code which plots the irradiance time series at a
desired depth, corresponding to a matrix row. Finally plot the the entire
irradiance matrix. Observe how changing surface irradiance and the
attenuation coefficient changes the light field and the irradiance matrix.

2. Build a normalized production matrix by using the photosynthe-
sis irradiance function directly on the irradiance matrix (4.18). Write a
code which accepts various photosynthesis irradiance functions (1.27,
1.28, 1.29, 1.30, 1.31). Plot the the normalized production matrices and
the differences amongst each. Change the values of the photosynthesis
parameters to observe how the production matrix changes.

3. Write a code which builds the biomass matrix (4.2) with biomass
given by either the shifted Gaussian (2.45) of the shifted Sigmoid function
(2.48). Use the biomass matrix to calculate the production matrix as de-
fined in (4.23). Plot the the production matrix for different photosynthesis
irradiance functions (1.27, 1.28, 1.29, 1.30, 1.31).

4. Build the irradiance matrix by acknowledging the effect of biomass
on the underwater light field. Use this irradiance matrix to calculate the
production matrix. Alter the parameters of the biomass profile to observe
how the production matrix changes with the shape of the biomass profile.

5. Using the matrix model calculate the production profile (4.26) and
watercolumn production (4.30). Also implement the code using loops,
as in (4.6) and (3.1). Contrast the code with the code for the matrix model.
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6. Amend the irradiance model (4.53) to take into account non uniform
model level separations as stated in (4.11). Subsequently, write out the
matrix model equations given in section 5.3 now using non uniform
model level separations. Start with equation (4.37) and work your way
through to equation (4.45).

7. Build the normalized production matrix with depth dependent
photosynthesis parameters, as stated in (4.65), and use it to calculate the
daily production profile and daily watercolumn production. Study the
effect of using depth dependent photosynthesis parameters on both the
shape of the production profile and the magnitude of daily watercolumn
production.
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C R I T I C A L D E P T H T H E O RY

Thus far we laid out the basics of bio optical models of primary produc-
tion and hinted at dynamical relations between production and growth.
We now take the next step and place the theory in a broader dynam-
ical context. We begin by presenting, what is in oceanographic terms
considered a rather famous hypotheses: the Critical Depth Hypothesis.

Due to the interaction of the ocean with the atmosphere the topmost
layer of the ocean is well mixed. This layer is referred to as the mixed layer.
The critical depth theory deals with the interplay between production,
losses and mixing in the mixed layer. It asserts a depth horizon, termed
the critical depth, and predicts that mixing beyond the critical depth
reduces mixed layer light conditions beyond the levels that can sustain
positive growth. Vice versa, mixed layers shallower than the critical depth
are favourable for phytoplankton growth, since mixed layer light levels
give rise to production which surpasses losses. It is this predictive power
that makes the theory testable and its application to the real ocean has
sparked much interest and debate over the years [52].

We proceed by outlining the basic mathematical formulation of the
Critical Depth Hypothesis, first given by Sverdrup in 1953 [58]. We then
give a modern synthesis [33], provide the exact analytical solution for
the critical depth, place the theory in a dynamical context, calculate the
steady state biomass and finally present a conservation principle which
arises due to the biooptical feedback in the model.
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5.1 problem formulation sensu svedrup

Consider a mixed layer of depth Zm (Figure 21) in which production
is given as a linear function of light (1.7). Due to mixing the layer is
optically homogenous such that (2.13) holds for irradiance. Combining
the two assumptions gives production at depth as:

P(z, t) = BαB I0(t) exp (−Kz), (5.1)

where B is the mixed layer biomass, such that the total mixed layer
biomass is given as BZm = BZm.

Zm

z 

0 P B
LB

Figure 21: Depiction of the vertical dependence of normalized production PB (blue
curve) and losses LB (orange line) in a water column with a mixed layer of
depth Zm (red line). Photosynthesis declines with depth due to the reduction
in light intensity, whereas losses are assumed constant due to active mixing.
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Following (3.16) and integrating the previous expression (over time
and depth) yields the mixed layer production:

PZm,T =

Zm∫
0

D∫
0

P(z, t)dt dz =
BαB IT

K
(1 − e−KZm), (5.2)

where IT stands for the total available light energy at the surface received
during one day:

IT =

D∫
0

I0(t)dt. (5.3)

Now assume, in line with Figure 21, a depth-independent, biomass-
specific, loss rate LB, such that the total loss L(z, t) at each depth and
time is given by:

L(z, t) = BLB, (5.4)

where LB is the loss rate per unit biomass in the broadest sense (res-
piration, grazing), which can be parametrized in numerous ways [62].
Integrating this expression (over time and depth) yields mixed layer
losses as:

LZm,T =

Zm∫
0

D∫
0

L(z, t)dt dz = BLB
TZm, (5.5)

with LB
T = 24 LB, where the 24 comes due to integration over the entire

day. We stress that temporal integration is carried out over daylight hours
for primary production and over 24 hours for the loss term.

Following Sverdrup [58] the critical depth Zc (m) is defined as the
depth for which the following holds:

PZc,T = LZc,T, (5.6)

or stated explicitly for Sverdup’s model:

αB IT

K
(
1 − e−KZc

)
= 24 LBZc. (5.7)

The obtained equation is a transcendental one. Luckily, it is solvable
using the Lambert W function, but prior to presenting the exact solution
we will first interpret this expression.
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For active mixing proceeding exactly to the critical depth Zm = Zc,
mixed layer production equals losses and therefore no biomass accu-
mulation takes place. In order for biomass accumulation to take place,
production needs to exceed losses:

αB IT

K
(
1 − e−KZm

)
> 24 LBZm, (5.8)

which occurs when mixing does not proceed to the critical depth Zm < Zc.
If mixing proceeds beyond the critical depth Zm > Zc losses dominate:

αB IT

K
(
1 − e−KZm

)
< 24 LBZm, (5.9)

and biomass accumulation will not take place. To know which condition
is satisfied we proceed to solve (5.7) to obtain Zc.

Zc

z 

0

z 

0
)z(LTP (z)T

Figure 22: Graphical representation of the critical depth Zc (green line) as the depth
at which vertically integrated production (blue surface) equals vertically
integrated losses (orange surface).
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5.2 exact solution for svedrup’s critical depth

A straightforward approach to solving (5.7) is to use the Lambert W
function, which is the inverse of xex [8, 21]. Take the following equation:

xex = a, (5.10)

where both x and a are real numbers. The Lambert W function, denoted
simply as W, solves the above equation as:

x = W(a). (5.11)

For our purposes that is as much as we need to know about the Lambert
W function. The interested reader is referred to [8, 18, 20, 57, 23] for more
details on the function.

In order to solve (5.7) and find an exact expression for Sverdrup’s
critical depth, by using the Lambert W function, we start by rewriting
(5.7) as:

1 − e−KZc =
LB

T
αB IT

KZc. (5.12)

By multiplying the attenuation coefficient with the critical depth we
define ζc as the optical depth corresponding to the critical depth:

ζc = KZc. (5.13)

By dividing surface production with losses we define A as:

A =
αB IT

LB
T

. (5.14)

Now our starting expression turns into:

1 − e−ζc =
ζc

A
, (5.15)

and after a little algebra we get:

(ζc − A)e(ζc−A) = −Ae−A. (5.16)



94 critical depth theory

The obtained expression is now in the form of (5.10) and we simply solve
it by using the Lambert W function to obtain:

ζc = W
(
− Ae−A

)
+ A. (5.17)

More technical details on the derivation of the solution are found in [33].
Fully expanded, by using (5.13) and (5.14), the solution reads:

Zc =
1
K

[
W
(
−αB IT

LB
T

exp
(
−αB IT

LB
T

))
+

αB IT

LB
T

]
. (5.18)

Having obtained an exact expression for Zc we can easily compare it to
Zm to ascertain if production exceeds losses in the mixed layer. It is at
this stage that the Critical Depth Hypothesis comes into play.

5.3 critical depth hypothesis

Critical Depth Hypothesis states that the spring bloom can be initiated
once the mixed layer depth becomes shallower than the critical depth
[58, 52]. This typically occurs in spring due to the onset of stratification.
To explore it from a dynamical standpoint, we follow up on the relation
of mixed layer production to growth (3.65) augmented with a loss term:

BZm(t + ∆t) = BZm(t) +
1
χ

(
PZm(t)− LZm

)
∆t. (5.19)

Once again, in the limit of ∆t → 0 we have:

d
dt

BZm(t) =
1
χ

(
PZm(t)− LZm

)
. (5.20)

For Sverdrup’s model, due to active mixing BZm = BZm, and taking into
account (5.2) and (5.5), whilst averaging over 24 hours, we obtain:

dB
dt

=
1

24χZm

[
αB IT

K
(
1 − e−KZm

)
− LB

TZm

]
B, (5.21)

The expression in the brackets is plotted in Figure 23.
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Zm

Zc

T,ZP m

Figure 23: Graphical representation of equation (5.21). Mixed layer production (blue
curve) is higher/lower than mixed layer losses (orange line) when the mixed
layer depth Zm is shallower/deeper than the critical depth Zc (green line).

Following Figure 23 production is higher than losses when the mixed
layer depth is shallower than the critical depth: graphically the blue
curve (production) is above the orange curve (losses). Production is lower
than losses when the mixed layer depth is deeper than the critical depth:
graphically the blue curve (production) is below the orange curve (losses).
In the brackets on the right hand side of (5.21) we observe the difference
between mixed layer production and losses. Therefore, we conclude the
following:

dB
dt

> 0 Zm < Zc;

dB
dt

= 0 Zm = Zc;

dB
dt

< 0 Zm > Zc.

(5.22)

In this simple model biomass grows when Zm < Zc and declines when
Zm > Zc. If Zm = Zc biomass does not change over time.
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5.4 steady state

As biomass changes over time so does the attenuation coefficient (2.11),
altering the light field and changing normalized production, which finally
has dynamical consequences. Although slight, this alteration in the model
makes equation (5.21) nonlinear with respect to B:

dB
dt

=
1

24χZm

[
αB IT

Kw + kBB

(
1 − exp

(
− (Kw + kBB)Zm

))
− LB

TZm

]
B.

(5.23)
Also, the inclusion of the bio-optical feedback now makes the production
term a decreasing function of biomass. Therefore, a steady state solution
B∗ > 0 is plausible (Figure 24). Naturally, a trivial steady state B∗ = 0 is
also a solution.

B
B*

Figure 24: Graphical representation of equation (5.23). Mixed layer production (blue
curve) is higher/lower than mixed layer losses (orange line) when the biomass
B is lower/higher than the steady state biomass B∗ (green line). Note the
difference from Figure 23: the abscissa here marks biomass B (state variable),
whereas in Figure 23 abscissa marks the mixed layer depth (model parameter).
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Once at steady state, production equals losses, implying the right hand
side of (5.23) equals zero, which holds when:

αB IT

Kw + kBB

(
1 − exp

(
− (Kw + kBB)Zm

))
= LB

TZm. (5.24)

With a little algebra, and using the definition of A (5.14), we have:

1 − exp
(
− (Kw + kBB)Zm

)
=

(Kw + kBB)Zm

A
. (5.25)

Solving this equation would give us B∗. By observing that it is of the
same form as (5.15), we can solve it in the same way, which yields the
following solution for steady state biomass:

B∗ =
1

kBZm

(
W0

(
− Ae−A

)
+ A

)
− Kw

kB
. (5.26)

By observing that the expression in the brackets is given by (5.17) we get:

B∗ =
Kw

kB

(
Zc

Zm
− 1
)

, (5.27)

where Zc now stands for the critical depth in the case of clear water
K = Kw. Plot of this solution, with Zc and Zm expressed as optical depths,
is given in Figure 25. For the biomass in the mixed layer of depth Zm to
be sustained we require B∗ > 0, translating (5.27) into:

Zc > Zm, (5.28)

which is recognized as the critical depth criterion. The trivial state state
B∗ = 0 is reached when the previous condition is not met.

However, it must be highlighted that interpretation of the prior result
is not trivial. By observing that at steady state production equals losses,
so must the critical depth equal the mixed layer depth (5.22), otherwise
production will not equal losses and biomass will change with time.
Therefore, at steady state Zc should equal Zm and (5.27) would yield
zero. This however is not correct, since Zc in (5.27) takes into account
only attenuation due to water (K = Kw) whereas attenuation occurs due
to water and phytoplankton (K = Kw + kBB), whenever B > 0. We now
explore these relations in more detail.
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Figure 25: Steady state biomass (5.27) as a function of Zm for Kw/kB = 1 and ζc = 1.
After ζm becomes larger than 1 the critical depth criterion is violated and
biomass can no longer be sustained.

5.5 critical depth conservation principle

Considering that Zc in equation (5.27) is not optically coupled to phyto-
plankton biomass, such that Zc in equation (5.18) is determined by Kw

and not by K as given in (2.11), theoretically we are led to distinguish
two critical depths. The first one we relabel as the optically-uncoupled
critical depth C and the second one as the optically coupled critical depth
S. We give the following definitions:

Optically uncoupled critical depth C is the critical depth associated with
kB = 0 and is defined as:

C =
1

Kw

(
W0

(
− Ae−A

)
+ A

)
. (5.29)

Optically uncoupled critical depth is independent of time C ̸= C(t).
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Optically coupled critical depth S is the critical depth associated with
kB ̸= 0 and is defined as:

S =
1

Kw + kBB

(
W0

(
− Ae−A

)
+ A

)
. (5.30)

Optically coupled critical depth is time dependent S = S(t).

With these definitions steady state biomass (5.27) is now:

B∗ =
Kw

kB

(
C

Zm
− 1
)

. (5.31)

For C < Zm this equation yields negative biomass, which is physically
unrealistic. However, C < Zm corresponds to clear-water at steady state,
implying absence of phytoplankton. Hence, the solution is only valid for
C/Zm larger than one, which is in accordance with the Critical Depth
Hypothesis.

With the above, we are now in a position to calculate the light intensity
at the base of the mixed layer at steady state and compare it to the light
intensities at C and S. By inserting (2.11) and (5.31) into (2.13), irradiance
at the base of the mixed layer is shown to equal irradiance at the optically
uncoupled critical depth:

I(Zm) = I0 exp (−KwC) = I(C), (5.32)

although the two depths Zm and C need not be equal (Figure 26). There-
fore, at steady state light intensity at the base of the mixed layer equals
the light intensity at the optically-uncoupled critical depth. Although the
mixed layer depth does not equal the optically uncoupled critical depth
Zc ̸= C, their light levels are equal, due to shading by phytoplankton.
It is important to stress that I(C) is biomass independent. We can also
calculate S at steady state by inserting (5.31) into (5.30), which after some
algebra gives:

S∗ = Zm, (5.33)

where we have labelled the optically coupled critical depth at steady
state as S∗. Therefore, at steady state the optically coupled critical depth
equals the mixed layer depth, but the clear-water critical depth does not
(Figure 26).
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Figure 26: Sketch of the relation between mixed layer depth Zm, optically-uncoupled
critical depth C and optically coupled critical depth S. With time, S converges
to Zm, while C remains constant. Simultaneously, irradiance at the mixed
layer base I(Zm) converges to irradiance at the clear-water critical depth I(C).
Finally, at steady state we have S∗ = Zm and I(Zm) = I(C).

Having demonstrated the relations that hold at steady state we now
explore the dynamical approach to the steady state. Assume the initial
condition of the system is given by B0 ̸= B∗ and S0 ̸= Zm. We already
have an equation for the time evolution of biomass, namely (5.23) and are
now interested into deriving an equation describing the time evolution
of S. We can simply take the time derivative of (5.30) to obtain:

dS
dt

= −
(

kB

Kw + kBB
dB
dt

)
S. (5.34)

According to this result the optically coupled critical depth declines as
biomass grows and vice versa.
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The previous expression is reducible to:

dS
dB

= − kBS
Kw + kBB

, (5.35)

which can be integrated by separation of variables. Integration from
S(0) = S0 to S(t) = S gives:

S = S0

(
Kw + kBB0

Kw + kBB

)
, (5.36)

whereas the integration from S(t) = S to S(∞) = S∗, while acknowledg-
ing (5.33), gives:

S = Zm

(
Kw + kBB∗

Kw + kBB

)
. (5.37)

This result was first derived by [39] (their equation 4.5) for a non-linear
photosynthesis irradiance model with discrete time. As demonstrated
here, it also holds for Svedrup’s linear photosynthesis irradiance model.

The derived equation can be generalized by rearranging (5.34), recog-
nizing (2.11) and applying the chain rule, to obtain:

d(KS)
dt

= 0, (5.38)

demonstrating that the product of the attenuation coefficient and the
optically coupled critical depth remains constant over time. Given initial
conditions (K0, S0), when the critical depth criterion is met the system
ends in a steady state characterized by S = Zm and B = B∗. When the
critical depth criterion is not met the system ends in the trivial steady
state characterized by S = C and B = 0. It is important to highlight
that on the approach to these states the system moves along a trajectory
which keeps the KS product constant.

Following the definition (5.30) and acknowledging (5.17) we observe
that the quantity which is conserved is in fact the critical depth expresses
as an optical depth ζc (5.17) and therefore we can restate the previous
expression simply as:

dζc

dt
= 0. (5.39)

We term this the Critical Depth Conservation Principle. Working back-
wards from it stems equation (5.37).
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5.6 nonlinear formulation

Prior analysis was given for Sverdrup’s model which has a linear photo-
synthesis irradiance function (5.1). We now lift this limitation and present
a more general model formulation which can accommodate any photo-
synthesis irradiance function. First we introduce the formulation for the
exponential photosynthesis irradiance function (1.18). The modification
to Svedrup’s model comes only to equation (5.2) which now transforms
into:

PZm,T =

Zm∫
0

D∫
0

P(z, t)dt dz =
BPB

mD
Kw + kBB

[
f
(

Im
∗
)
− f

(
Im
∗ e−(Kw+kBB)Zm

) ]
.

(5.40)
The remaining model assumptions hold. The equation describing biomass
evolution over times now becomes:

∂B
∂t

=
1

24χZm

[
PB

mD
Kw + kBB

[
f
(

Im
∗
)
− f

(
Im
∗ e−(Kw+kBB)Zm

) ]
− LB

TZm

]
B.

(5.41)
To simplify notation we introduce the average normalized instantaneous
mixed layer production ⟨P⟩B

Zm
as:

⟨P⟩B
Zm

=
PB

mD
24(Kw + kBB)Zm

[
f
(

Im
∗
)
− f

(
Im
∗ e−(Kw+kBB)Zm

) ]
, (5.42)

turning (5.41) into:

dB
dt

=
1
χ

(
⟨P⟩B

Zm
− LB

)
B. (5.43)

This equation describes the time evolution of mixed layer biomass as
the difference between average mixed layer production and losses. The
production term is expressed as an average one day and over depth,
due to the equation expressing change in biomass per cubed meter. In
general, the above equation is valid for any photosynthesis irradiance



5.6 nonlinear formulation 103

function, one just has to pay attention to how ⟨P⟩B
Zm

is specified. The
exact formulation would be:

⟨P⟩B
Zm

=
PB

Zm

Zm
, (5.44)

whereas a reasonable first approximation would be to use the daily
average, as was just done:

⟨P⟩B
Zm

=
PB

Zm,T

24Zm
. (5.45)

The formulation depends on what the modelling goals are. If resolving
the seasonal cycle the latter works just fine, whereas when resolving
diurnal dynamics the former should be used.

In both cases, when calculating average mixed layer production it is
important to use instantaneous light conditions, calculate instantaneous
production and then take the average. Calculating average light con-
ditions and then production will not yield the same result, due to the
nonlinearity in the production light relation, as given by the photosyn-
thesis irradiance function.
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5.7 problems

1. Use different photosynthesis irradiance functions (1.27, 1.28, 1.29,
1.30, 1.31) in the calculation of the instantaneous production profile. Plot
all the profiles on the same graph along with a uniform loss term in the
same manner as Figure 21. Observe at which depth each function crosses
the loss rate.

2. Numerically calculate instantaneous mixed layer production as:

PZm =
N

∑
n=1

Pn∆z, (5.46)

where Pn = P(zn) with zn = n∆z, for n = 1, 2, ..., N and N = Zm/∆z.
Use all the photosynthesis irradiance functions (1.27, 1.28, 1.29, 1.30,
1.31). Plot the integrated production and losses as a function of Zm in the
same manner as shown in Figure 23 for each photosynthesis irradiance
function. Numerically calculate the critical depth in each case.

3. Numerically solve equation (5.19) using calculated mixed layer
production from the previous problem. Include the biooptical feedback
by modelling the attenuation coefficient as:

K(t) = Kw + kBB(t). (5.47)

Run the model with various photosynthesis irradiance functions (1.27,
1.28, 1.29, 1.30, 1.31) until steady state is reached. Plot the calculated
biomass B(t) as a function of time in each case. Numerically solve for
the critical depth at each time step S(t) and plot it as a function of time.
Finally, plot the product of K(t) and S(t) as a function of time.

4. Recreate Figure 23 using equation (5.23) where saturation of pho-
tosynthesis is not modelled and subsequently equation (5.41) where
saturation of photosynthesis is modelled. Observe the difference between
the two by studying mixed layers of varying depth.
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5. Recreate figure Figure 25 numerically by running the numerical
model to steady state, first by using equation (5.23) and subsequently
by using equation (5.41). Numerically calculate the optically uncoupled
critical depth C and test whether solution (5.31) correctly predicts the
steady state for both cases.

6. Run the model by using (5.41) and calculate the irradiance at the
base of the mixed layer I(Zm) and at the optically coupled critical depth
I(S) at each time step. Compare it to the irradiance at the optically
uncoupled depth, calculated using (5.32).

7. Observe how the mixed layer biomass evolves under variable surface
irradiance given by (2.14) and contrast it with the evolution over time
under constant surface irradiance equal to the average daily irradiance
Im
0 π/2. Use both averaging approaches, (5.44) and (5.45), to explore the

difference between simulations.





6
M I X E D L AY E R D Y N A M I C S

In the previous chapter the foundations of the critical depth theory were
laid out with a linear photosynthesis irradiance function used to de-
rive the presented results. We now expand on the developed concepts
and explore mixed layer dynamics in more detail, first by relaxing the
assumption of linearity in the photosynthesis irradiance function and sub-
sequently deriving more general results applicable to any photosynthesis
irradiance function.

The chapter opens with the derivation of equations for the time evolu-
tion of average and total mixed layer biomass. The difference between
average and total mixed layer production is discussed and the depen-
dence of both on mixed layer depth derived analytically. Steady state
solutions for average and total mixed layer biomass are derived and their
stability analysed. The link between stability of steady states and the
critical depth criterion is established. The critical depth criterion is shown
to be a necessary condition for the stability of the non-trivial steady state.
When it is met the non-trivial steady state is stable and when it is not
met the trivial steady state is stable.

Mixed layer depth is then treated as a function of time. The asymmetry
in the response of average and total mixed layer biomass to mixed layer
shallowing/deepening is discussed at length. The response of primary
production to mixed layer shallowing is relevant during the onset of
spring stratification, whereas the response to deepening is relevant during
autumn and winter when convective mixing dominates.

107
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6.1 average and total mixed layer biomass

Up to now we have worked with biomass B, which was given as a
concentration of chlorophyll per meter cubed. In the case of a mixed
layer (Figure 28) we are also interested in the total mixed layer biomass
BZ (mg Chl m−2), defined here as:

BZ =

Zm∫
0

B(z)dz. (6.1)

Zm

z 

0 B

BZ

Figure 27: Total mixed layer biomass BZ (light blue area) is given as a vertical integral
of average biomass B (dark blue line) from the surface up to the mixed layer
depth Zm (grey line). Due to mixing average mixed layer biomass is by
definition constant with depth.
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Given the assumption of instantaneous mixing the following holds:

BZ = BZm. (6.2)

In this chapter we will refer to B as average biomass and BZ as total
biomass. As we have demonstrated in the prior chapter time evolution of
average biomass is given by (5.43). In a similar fashion we can also begin
with the equation for the time evolution of biomass at a given depth:

dB
dt

=
1
χ

(
pB(I)− LB

)
B. (6.3)

By vertically integrating this equation we arrive at:

d
dt

Zm∫
0

B dz =
1
χ

( Zm∫
0

BpB(I)dz −
Zm∫
0

LBB dz
)

, (6.4)

which using (6.1) becomes:

dBZ

dt
=

1
χ

( Zm∫
0

BpB(I)dz − LBBZ

)
. (6.5)

Note the difference in the production term between the equations for total
and average biomass. In the equation for average biomass the production
term is divided by Zm, whereas in the equation for total biomass it is
not. However, for a time independent mixed layer depth Zm ̸= Zm(t)
and time independent surface irradiance I0 ̸= I0(t), both (6.3) and (6.5)
are interchangeable simply due to the fact that mixing keeps the biomass
uniform in the mixed layer, expressed mathematically as (6.2). Using that
expression we can write the production term in the equation for total
biomass as:

Zm∫
0

BpB(I)dz =
BZ

Zm

Zm∫
0

pB(I)dz. (6.6)

Now we can expand BZ = BZm in each term in equation (6.5) and recover
equation (6.3). Therefore the equations are fundamentally the same
equation when the mixed layer is depth is constant with time.
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Both equations have stable steady states, B∗ and B∗
Z, which are also

linked by (6.2). To derive expressions for these steady states, we now
proceed to generalize the steady state solution (5.31) from the prior
chapter, which was derived for a linear photosynthesis irradiance function.
By using (2.11) and (2.13) as the light model, irradiance in the mixed
layer becomes:

I(z) = I0 exp
(
− (Kw + kBB)z

)
. (6.7)

Further on, irradiance at the mixed layer depth reads (Figure 28):

I(Zm) = I0 exp
(
− (Kw + kBB)Zm

)
, (6.8)

which written using total biomass becomes:

I(Zm) = I0 exp
(
− KwZm − kBBZ

)
. (6.9)

By taking the time derivative of the prior expression we get:

dI(Zm)

dt
= −

(
kBZm

dB
dt

)
I(Zm). (6.10)

and further eliminating time gives us:

dI(Zm)

dB
= −kBZm I(Zm). (6.11)

A general form of this result was first derived by [25] (their equation 22).
By separation of variables and integration from the initial state B(0) = B0

to the steady state B(∞) = B∗, we get:

B∗ =
Kw

kB

(
1

KwZm
ln

I0

I∗(Zm)
− 1
)

, (6.12)

as the expression for steady state biomass, where I∗(Zm) is the irradiance
at mixed layer depth at steady state. To be dimensionally consistent the
first term in the brackets has to be dimensionless, which implies that the
term ln (I0/I∗(Zm))/Kw has the dimension of depth and this is in fact
the optically uncoupled critical depth, as defined in (6.15) for a linear
production model [33]. Therefore we have:

C =
1

Kw
ln

I0

I∗(Zm)
. (6.13)
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I0

Zm

z 

0
I(z)

I(Zm)

Figure 28: Irradiance at the mixed layer depth I(Zm) (blue arrow) calculated using
expression (6.8), based on surface irradiance (orange arrow) attenuated due
to water and mixed layer biomass.

Combining the previous two expressions we derive the following
expression for average biomass at steady state:

B∗ =
Kw

kB

(
C

Zm
− 1
)

. (6.14)

It is important to note that this result is general and does not depend on
the specific formulation of the photosynthesis irradiance function. The
production light relation, as dictated by the photosynthesis irradiance
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function determines C and therefore B∗. We stress that C is the optically
uncoupled critical depth and is the solution to:

C∫
0

PB(I)dz = LBC, (6.15)

under irradiance attenuated only due to water:

dI
dz

= −Kw I, (6.16)

implying that biooptical coupling is not present in the model. With no
biooptical coupling irradiance at C is simply:

I(C) = I0 exp (−KwC). (6.17)

By expressing I∗(Zm) from (6.13) at steady state, we arrive at:

I∗(Zm) = I0 exp (−KwC). (6.18)

We observe that irradiance at the mixed layer depth at steady state equals
the irradiance at the optically uncoupled critical depth:

I∗(Zm) = I(C). (6.19)

This result was already demonstrated for the linear photosynthesis irra-
diance model (5.32). Here we see it is generalized to any photosynthesis
irradiance function.

Finally, having derived the solution for average steady state biomass,
it is straightforward to find the total steady state biomass, by simply
multiplying (6.14) with the mixed layer depth (Figure 29):

B∗
Z =

Kw

kB

(
C − Zm

)
. (6.20)

According to this expression total steady state biomass is proportional
to the depth difference between the optically uncoupled critical depth
and the mixed layer depth. In case of a mixed layer approaching zero the
solution gives:

lim
Zm→0

B∗
Z =

Kw

kB
C. (6.21)

This is a finite quantity, in comparison to the solution for average steady
state biomass (6.14), which diverges when Zm goes to zero.
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Z
*B

C
kB

wK

Figure 29: The solution for total mixed layer biomass at steady state B∗
Z (6.20) as a

function of mixed layer depth Zm (grey line). When the mixed layer depth
crosses the optically uncoupled critical depth C, total biomass goes to zero
(red point). When the mixed layer goes to zero total biomass goes to KwC/kB.
The slope of the steady state solution (blue line) is given by −Kw/kB.

6.2 average and total mixed layer production

Central term to both equations for the time evolution of biomass, be it
average biomass (6.3), or total biomass (6.5), is the production term. As
biomass changes so too does the production term. The physical mecha-
nism responsible for a change in the production term is light attenuation
caused by biomass. Increasing biomass reduces the underwater irradi-
ance, which then reduces production and vice versa. This interplay is
central to understanding the effect of the biooptical feedback on system
stability. Here we explore the time dependence of the production term
and the relation between average and total mixed layer production.
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For constant mixed layer depth and constant surface irradiance, time
derivative of total instantaneous mixed layer production is:

d
dt

Zm∫
0

BpB(I)dz =
dB
dt

Zm∫
0

pB(I)dz + B
Zm∫
0

dpB(I)
dt

dz, (6.22)

where biomass terms come out of the integral due to biomass being
constant with depth. The first term on the right hand side arises simply
due to the change in biomass with time. Looking more closely at the
integrand in the second term on the right hand side we have:

dpB(I)
dt

=
dpB(I)

dI
dI
dt

, (6.23)

where the chain rule was applied. Invoking (1.24) the first derivative is
always positive. The second one can easily be calculated by taking the
time derivative of (6.7) to obtain:

dI(z)
dt

= −
(

kBz
dB
dt

)
I(z), (6.24)

which can be both positive or negative, depending on the sign of dB/ dt.
Using the derived expressions and taking the dB/ dt term out of the
integral, enables us to rewrite (6.22) as:

d
dt

Zm∫
0

BpB(I)dz =
dB
dt

Zm∫
0

(
pB(I)−

(
kBzB

)dpB(I)
dI

I(z)
)

dz. (6.25)

We observe that the second term arises due the change in the light field
caused by a change in biomass. All the quantities in it are positive, but
given the minus sign, the contribution to the change of the production
term depends on the sign of dB/ dt, as expected. Without the biooptical
feedback, which corresponds to kB = 0, this term is zero and there is no
effect of biomass on the light field and subsequently on the production
term. In that case normalized mixed layer production is time independent
and determined only by surface irradiance, attenuation due to water and
the photosynthesis parameters. To gain more insight it is useful to look
at these relations with kB = 0.
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At this stage we highlight the difference between average normalized
instantaneous mixed layer production ⟨P⟩B

Zm
and total normalized instan-

taneous mixed layer production PB
Zm

. The two are related simply via:

⟨P⟩B
Zm

=
PB

Zm

Zm
, (6.26)

where PB
Zm

is restated here for clarity:

PB
Zm

=

Zm∫
0

pB(I)dz. (6.27)

Total instantaneous mixed layer production can be viewed as a function
of mixed layer depth PB

Zm
= PB

Zm
(Zm). As such it is an increasing function

of mixed layer depth (Figure 30), shown by taking the derivative of (6.27)
with respect to Zm and acknowledging that production is positive by
definition:

∂PB
Zm

∂Zm
= pB(I(Zm)

)
> 0. (6.28)

However, average normalized instantaneous mixed layer production is a
decreasing function of mixed layer depth:

∂ ⟨P⟩B
Zm

∂Zm
=

1
Zm

(
∂

∂Zm

Zm∫
0

pB(I)dz − 1
Zm

Zm∫
0

pB(I)dz
)

. (6.29)

The first term on the right hand side is recognized as (6.28), while the
second is recognized as (6.26). Acknowledging this yields:

∂ ⟨P⟩B
Zm

∂Zm
=

1
Zm

[
pB(I(Zm)

)
− ⟨P⟩B

Zm

]
< 0. (6.30)

Because production declines with depth average mixed layer production
⟨P⟩B

Zm
will be higher than production at the mixed layer depth pB(I(Zm)

)
(Figure 30). Therefore, average normalized instantaneous mixed layer
production is a decreasing function of depth. Taking these insights into
account we can proceed to analyse the response of mixed layer biomass,
both average and total, to changing mixed layer depth.
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Zm

z 

BPZm

)z(BP

Figure 30: Total normalized mixed layer production (6.27) (light blue area) as a vertical
integral of the instantaneous production profile (blue curve). Average mixed
layer production (6.26) (grey curve) is a decreasing function of depth and the
total mixed layer production is an increasing function of depth.

We now assume that mixed layer depth is time dependent, Zm = Zm(t),
and proceed to explore how mixed layer biomass responds. Two scenarios
emerge naturally: mixed layer can become shallower, say as a result of
heating, or it can become deeper, say as a result of convection. Thus far
we have considered only the non-trivial steady state B∗ ̸= 0, implicitly
assuming that the critical depth criterion is met. However, when the
mixed layer depth is time dependent it may cross the optically uncoupled
critical depth and the trivial steady state B = 0 has to be considered as
well. Which of the two the states is stable can be answered using stability
analysis, which we now proceed to do.
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6.3 stability analysis

Equation (6.3) describing the time evolution of average biomass can be
written as:

dB
dt

= f (B), (6.31)

where now the function on the right hand side equals:

f (B) =
1
χ

(
1

Zm

Zm∫
0

BpB(I)dz − LBB
)

. (6.32)

A plot of f (B) is given below. At the point where f (B) = 0 we have a
steady state. In our case there are two steady states (fixed points): the
trivial steady state B∗ = 0 and the non-trivial steady state B∗ ̸= 0 given
by (6.14). Either can be stable or unstable. To classify them we will use
linear stability analysis.

B
B*

f(B)

0

Figure 31: Plot of the f (B) function from equation (6.31). Null points of f (B) correspond
to steady states: a trivial steady state B∗ = 0 (green circle) and a non-trivial
steady state B∗ ̸= 0 given by (6.14) (orange circle). As plotted the trivial
steady state is unstable and the non-trivial is stable, as indicated by red
arrows. This situation arises when Zm < C.
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Assume B∗ is a fixed point and let δB be a small perturbation around
B∗, such that we can approximate B in the vicinity of B∗ as:

B = B∗ + δB, (6.33)

where δB = δB(t). We are interested in how δB changes with time. If it
declines to zero we will refer to the steady state as stable, whereas if it
goes to infinity, we will refer to the steady state as unstable. To study
how δB changes with time we take the derivative of the above to arrive
at:

d
dt

δB = f (B), (6.34)

where (6.31) was used. By acknowledging (6.33) we get:

d
dt

δB = f (B∗ + δB), (6.35)

which upon Taylor expansion around B∗ yields:

d
dt

δB = f (B∗) +
d f (B)

dB

∣∣∣∣
B∗

δB, (6.36)

where higher order terms were not considered. Acknowledging that
f (B∗) = 0 leads to:

d
dt

δB =
d f (B)

dB

∣∣∣∣
B∗

δB, (6.37)

The solution of which is simply:

δB(t) = δB(0) exp
(

d f (B)
dB

∣∣∣∣
B∗

t
)

, (6.38)

where δB(0) is the initial perturbation to B∗. Therefore, we are led
to differentiate two situations: stable and unstable. The condition for
stability reads:

d f (B)
dB

∣∣∣∣
B∗

< 0, (6.39)

and the condition for instability reads:

d f (B)
dB

∣∣∣∣
B∗

> 0. (6.40)

We observe that the first derivative of f (B) determines stability.
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The derivative of (6.32) with respect to B reads:

d f (B)
dB

=
1
χ

(
1

Zm

Zm∫
0

pB(I)dz +
1

Zm

Zm∫
0

B
dpB(I)

dB
dz − LB

)
. (6.41)

To evaluate it at B∗ we have to select a pB(I) function and carry out
the differentiation, which is straightforward to do. An alternative route
would be to recognize that at the non-trivial steady state B∗ > 0 average
production equals losses:

1
Zm

Zm∫
0

pB(I)dz = LB, (6.42)

therefore the first and the third term on the right hand side cancel out at
steady state B∗, leaving us with:

d f (B)
dB

∣∣∣∣
B∗

=
1
χ

B
Zm

Zm∫
0

dpB(I)
dB

dz. (6.43)

But, at the trivial steady state B∗ = 0, this expression vanishes. Therefore,
let us first observe what happens as biomass approaches zero. With
B∗ → 0 prior expression also goes to zero and (6.41) becomes:

lim
B∗→0

d f (B)
dB

=
1
χ

(
1

Zm

Zm∫
0

pB(I)dz − LB
)

. (6.44)

The vanishing of the (6.43) term reflects the fact that at low biomass, the
contribution to light attenuation due to biomass, is negligible. Now if the
mixed layer is sufficiently deep the average mixed layer production will
be lower than the loss rate:

1
Zm

Zm∫
0

pB(I)dz < LB. (6.45)

Therefore near zero biomass the slope of f (B) shown in Figure 31 will be
negative, as now shown in Figure 32. Following (6.39) the trivial steady
state will be stable.
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B
B*=0

f(B)

Figure 32: Plot of the f (B) function from equation (6.31) when the trivial steady state is
stable. When the loss term dominates over the production term the trivial
steady state B∗ = 0 (orange circle) becomes stable. The non-trivial steady
state B∗ ̸= 0 given by (6.14) (green circle) is now the unstable fixed point.
This situation arises when Zm > C.

On the contrary, if the opposite of the prior expression holds, namely:

1
Zm

Zm∫
0

pB(I)dz > LB, (6.46)

the slope of f (B) at zero will be positive and the trivial steady state will
be unstable. The trivial steady state being unstable opens the possibility
for an existence of a non-trivial steady state. Looking at Figure 31 we
observe that for there to be a non-trivial steady state the function f (B)
has to intersect the B axis at a point B∗ > 0, implying the derivative of
f (B) at the non-trivial steady state (6.43), has to be negative. Using the
chain rule in (6.43) produces:

d f (B)
dB

∣∣∣∣
B∗

=
1
χ

B
Zm

Zm∫
0

dpB(I)
dI

dI
dB

dz. (6.47)
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Following (6.7) we have:

dI
dB

= −kBzI, (6.48)

and given (1.24) makes the previous expression negative, implying the
non-trivial steady state is stable, according to (6.39).

The non-trivial steady state is stable due to the biooptical feedback.
Without it the production term would be linear in B and f (B) would not
intersect the B axis. The steady states would either be zero, in case the
loss term dominates, or infinity, in case the production term dominates.
With the biooptical feedback, the biomass effects the underwater light
field and for a given mixed layer depth higher biomass implies lower
irradiance and vice versa. Consequently, lower irradiance implies less
normalized production. Therefore the production term saturates with
respect to biomass (also shown in Figure 24), while the loss term keeps
growing linearly with biomass. Change of biomass per unit time is given
as the difference between the two. This implies that the f (B) function
has to cross the B axis at some point, which is the non-trivial steady state
B∗.

Thanks to this analysis we observe the deeper connection between the
critical depth criterion and the stability of steady states. In this context
the critical depth criterion can be reinterpreted as the criterion for change
in stability properties of the trivial and the non-trivial steady state. With
the critical depth criterion met (6.46), the non-trivial steady state is stable:

Zm < C, B∗
u = 0, B∗

s > 0, (6.49)

where B∗
s stands for stable and B∗

u stands for unstable. With the critical
depth criterion not being met (6.45), the trivial steady state is stable:

Zm > C, B∗
s = 0, B∗

u > 0. (6.50)

In the jargon of dynamical system theory with Zm crossing C the trivial
steady state goes from a source to a sink, whereas the non-trivial steady
state goes from a sink to a source. The critical depth C is the bifurcation
point for the mixed layer depth Zm.
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6.4 mixed layer deepening

Assume the mixed layer biomass is at steady state and also assume zero
biomass below the mixed layer, due to unfavourable growth conditions.
Let the mixed layer depth be increasing with time (Figure 33), such that:

dZm

dt
> 0. (6.51)

Deepening does not effect total biomass directly, therefore (6.5) still holds:

∂BZ

∂t
=

1
χ

( Zm(t)∫
0

BpB(I)dz − LBBZ

)
, (6.52)

now with the recognition that Zm = Zm(t).

Zm

0 t

B

B=0

Figure 33: During mixed layer deepening (blue line) average biomass B (light blue
surface) gets diluted due to entrainment of water from below the mixed layer,
but the total mixed layer biomass BZ is not affected (assuming no production,
nor losses). We assume zero biomass below the mixed layer.
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Due to the change in Zm(t) the production term gets affected and
production now changes with time as:

d
dt

Zm∫
0

BpB(I)dz =
dB
dt

Zm∫
0

(
pB(I)−

(
kBzB

)dpB(I)
dI

I(z)
)

dz

+ BpB
[

I(Zm(t))
]dZm(t)

dt
.

(6.53)

where the Leibnitz integral rule was applied which produced the third
term on the right hand side, which does not appear in (6.22) when the
mixed layer depth did not change with time. It reflects the increase
in total mixed layer production resulting from an increase in mixed
layer depth. It is positive, implying it acts to increase total mixed layer
production during deepening. Whether or not the resulting derivative
of total mixed layer production with time will be positive or negative
depends on the sum of the three terms.

The factor determining this is the sign of dB/ dt. When it is positive
the first term on the right hand side is positive and the second one is
negative, reflecting the fact that less light penetrates through the mixed
layer. However, when it is negative the first term is negative and the
second one is positive, reflecting the fact that now more light penetrates
through the mixed layer. Whether or not dB/ dt will be positive or
negative, we can explore by looking at the equation for average mixed
layer biomass, which now gets augmented to account for the effect of
deepening.

During deepening average biomass gets diluted due to entrainment of
water from below the mixed layer, which we assumed has zero biomass.
To account for this an additional term appears in the biomass equation
(6.3):

∂B
∂t

=
1
χ

(
1

Zm

Zm∫
0

BpB(I)dz − LBB
)
− 1

Zm

dZm

dt
B. (6.54)

Therefore an asymmetry in the two equations arises. To analyse the
consequences of this asymmetry we explore the response of average and
total biomass in the following scenario.
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Figure 34: Response of mixed layer biomass to deepening under Zm(t) < C. The
system is initially at steady state with average biomass B∗

1 . During deepening
biomass changes with time. After deepening stops the system acquires a new
steady state with average biomass B∗

2 , which following (6.14) is less than B∗
1 .

Following (6.20) the same argument holds for total biomass.

Assume the system is at steady state B∗
1 and (B∗

Z)1 given by (6.14) and
(6.20). Changing Zm will then change the steady state and in both cases
the new steady state will be of lower biomass, be it average B∗

2 or total
biomass (B∗

Z)2, given that the final mixed layer depth is deeper than the
initial. Because the steady state is stable the system will tend towards this
new steady state and average and total biomass will both decline with
time. However, if the system is not initially at steady state, biomass may
both decline or increase with time depending on the initial condition in
relation to the final steady state.

The response to deepening can also be interpreted using the notion
of the critical depth. The optically coupled critical depth will converge
towards the mixed layer depth. If initially at steady state S will be equal
to the mixed layer depth. During deepening S will change and once the
mixed layer settles onto the new depth S will continue changing with
time until it too equals this new mixed layer depth.



6.5 mixed layer shallowing 125

6.5 mixed layer shallowing

Let the mixed layer depth be decreasing with time, such that:

dZm

dt
< 0. (6.55)

Below the mixed layer we assume zero biomass. With no production, nor
losses, shallowing does not effect average biomass directly, therefore (6.3)
still holds:

∂B
∂t

=
1
χ

(
1

Zm(t)

Zm(t)∫
0

BpB(I)dz − LBB
)

. (6.56)

again with the recognition that Zm = Zm(t) (Figure 35).

Zm

0 t

B

B=0

Figure 35: During mixed layer shallowing (blue line) average mixed layer biomass B
(light blue surface) does not get diluted, but the total mixed layer biomass BZ
is reduced due to detrainment of biomass which now finds itself below the
mixed layer (assuming no production, nor losses). We assume zero biomass
below the mixed layer.
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Although average biomass is not affected directly by shallowing, the
production term is, and therefore subsequently biomass gets affected. To
see how the production term changes now, we can explore this change in
the same manner as was done in expression (6.53):

d
dt

Zm∫
0

BpB(I)dz =
dB
dt

Zm∫
0

(
pB(I)−

(
kBzB

)dpB(I)
dI

I(z)
)

dz

− BpB
[

I(Zm(t))
]∣∣∣∣dZm(t)

dt

∣∣∣∣,
(6.57)

with the difference that now the time derivative of the mixed layer depth
has a negative sign. The third term on the right hand side now reflects
the decrease in total mixed layer production resulting from a decrease in
mixed layer depth. It is negative implying it acts to decrease total mixed
layer production during shallowing. This occurs due to detrainment of
biomass from the mixed layer during shallowing. The biomass which
now finds itself below the mixed layer no longer contributes to mixed
layer production.

In line with this reasoning total biomass is affected by shallowing
directly, since now a portion of biomass gets detrained from the mixed
layer and the equation for total biomass now becomes:

∂BZ

∂t
=

1
χ

( Zm(t)∫
0

BpB(I)dz − LBBZ

)
− 1

Zm

∣∣∣∣dZm

dt

∣∣∣∣BZ. (6.58)

Therefore, once again an asymmetry arises in the equations. Whereas
during deepening it was the equation for average biomass in which an
additional term appeared, now it is the equation for total biomass in
which an additional term appears. Here too in order to analyse the
consequences of the asymmetry in the equations for average and total
biomass we explore the response of average and total biomass in the
following scenario.
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Figure 36: Response of mixed layer biomass to shallowing under Zm(t) < C. The
system is initially at steady state with average biomass B∗

1 . During shallowing
biomass changes with time. After shallowing stops the system acquires a
new steady state with average biomass B∗

2 , which following (6.14) is higher
than B∗

1 . Following (6.20) the same argument holds for total biomass.

Assume the system is at steady state B∗
1 and (B∗

Z)1 given by (6.14) and
(6.20). Changing Zm will then change the steady state and in both cases
the new steady state will be of higher biomass, be it average B∗

2 or total
biomass (B∗

Z)2, given that the final mixed layer depth is shallower than
the initial. Because the steady state is stable the system will tend towards
this new steady state and average and total biomass will both increase
with time. However, if the system is not initially at steady state, biomass
may both decline or increase with time depending on the initial condition
in relation to the final steady state.

The response to shallowing can also be interpreted using the notion
of the critical depth. The optically coupled critical depth will converge
towards the mixed layer depth. If initially at steady state S will be equal
to the mixed layer depth. During shallowing S will change and once the
mixed layer settles onto the new depth S will continue changing with
time until it too equals this new mixed layer depth.
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6.6 crossing the critical depth

In the above analysis it was assumed that the mixed layer depth does not
cross the critical depth at any time, therefore the non-trivial steady state
is the stable steady state. However, as it was demonstrated in the stability
analysis the trivial steady state becomes the stable steady state once the
mixed layer crosses the critical depth. This behaviour can be summarised
using a bifurcation diagram. If we treat the mixed layer depth Zm as a
parameter and plot the steady state solution B∗

Z as a function of Zm we
obtain Figure 37.

Starting from Zm = 0 there are two steady states B∗
Z = 0 and B∗

Z > 0.
The B∗

Z = 0 is the unstable state and B∗
Z > 0 is the stable state, implying

all initial conditions with Zm < C lead towards B∗
Z > 0. However, upon

the mixed layer crossing the critical depth C, the non-trivial steady state
vanishes and the only stable steady state left is the trivial steady state.
In the jargon of dynamical systems theory the critical depth C is the
bifurcation point for the mixed layer biomass.

ZmC

stableunstable

Z
*B

Figure 37: Bifurcation diagram for total biomass BZ with the mixed layer depth Zm as
the bifurcation parameter. For Zm shallower than the optically uncoupled
critical depth C zero biomass is the unstable steady state (orange line) and
B∗ > 0, given by (6.20), is the stable steady state (blue line). Once Zm becomes
deeper than C, zero biomass becomes the stable steady state (blue line).
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6.7 problems

1. Make a numerical model which calculates the time evolution of
average (6.3) and total (6.5) mixed layer biomass. Run the model to steady
state and compare the simulation results to the analytical solutions for
steady state (6.14) and (6.20). Observe how the model behaves if the
initial condition is set to above or below the steady state solution.

2. For the above model simulations calculate the irradiance at the base
of the mixed layer and observe it as a function of time. Compare the
irradiance at steady state to the irradiance predicted by expression (6.19).

3. Plot the normalized mixed layer production (6.27) as a function of
mixed layer depth. Observe how the function behaves in the limit of large
mixed layer depth. Contrast this plot with the plot of average normalized
mixed layer production (6.26), also as a function of mixed layer depth.
Again, observe how average normalized mixed layer production behaves
in the limit of large mixed layer depth. Finally, plot the instantaneous nor-
malized production profile (2.2) on the same plot as average normalized
mixed layer production, as shown qualitatively in Figure 30. Observe the
difference between production and average mixed layer production at
the mixed layer base.

4. Carry out the stability analysis from section 7.3 with the linear
photosynthesis irradiance function. State the obtained expressions (6.41)
and (6.43) explicitly.

5. Make a numerical model with a linearly increasing mixed layer
depth:

Zm(t) = Zm(0) + wmt, (6.59)

where Zm(0) is the mixed layer depth at initial time and wm is the rate
of deepening. Numerically simulate the evolution of total mixed layer
biomass BZ(t) using (6.52) and the evolution of average mixed layer
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biomass B(t) using (6.54). Plot the time evolution BZ(t) and B(t). Also
plot the time evolution of normalized mixed layer production PB

Zm
(t)

and mixed layer production PZm(t). Finally, make the simulations with
varying values of wm.

6. Modify the previous model to a numerical model with a linearly
shallowing mixed layer depth:

Zm(t) = Zm(0)− wmt, (6.60)

where Zm(0) is the mixed layer depth at initial time and wm is the rate
of shallowing. Numerically simulate the evolution of total mixed layer
biomass BZ(t) using (6.58) and the evolution of average mixed layer
biomass B(t) using (6.56). Plot the time evolution BZ(t) and B(t). Also
plot the time evolution of normalized mixed layer production PB

Zm
(t)

and mixed layer production PZm(t). Finally, make the simulations with
varying values of wm.

7. Start the model at initial mixed layer depth Zm(0) = Zi and with
steady state biomass corresponding to that depth, calculated using (6.14)
for B∗ and (6.20) for B∗

Z. Modify the prior model such that after a time
period T mixed layer stops deepening/shallowing and settles onto a
final mixed layer depth, such that Zm(t) = Z f , for t > T. For the cases
of mixed layer deepening/shallowing, run this model with different
initial conditions to observe the difference in the response of mixed layer
biomass. Start the model with initial biomass below or above the steady
state biomass and observe under which conditions the biomass grows or
declines over time.



7

B I O M A S S P R O F I L E

In a physical sense phytoplankton cells are particles suspended in a
fluid under gravity. Naturally, some cells are not neutrally buoyant and
sink through the water column. Sinking acts to remove phytoplankton
from the sunlight uppermost part of the ocean and if not prevented the
ultimate faith of all cells would simply lie in the abyss.

The process opposing sinking is mixing. Thus far we have taken
mixing to be instantaneous and ignored sinking, which is a rather strong
assumption. A more realistic one would be to have the strength of mixing
vary, as naturally occurs in the ocean. Mixing, if not too strong and
not too deep, keeps the cells close to the surface and phytoplankton
populations can be sustained.

In addition the biological processes act as well, namely production
and losses, which act to increase or decrease biomass irrespective of
mixing and sinking. In this context mixing and sinking act to redistribute
biomass vertically. The vertical distribution of biomass affects the light
field, which subsequently sets the rate of production at depth.

Therefore, all the mentioned processes act simultaneously to produce
a vertically dependent biomass profile. In this chapter we proceed to
build models which describe this vertical structure. We focus on the
role of light, mixing and sinking and explore steady state solutions for
the biomass profile. We derive mathematical conditions which describe
properties of steady state solutions.

131
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7.1 problem formulation

Consider now that mixing is not instantaneous so that the assumption of
uniform biomass no longer holds and we have:

B = B(z, t). (7.1)

Assume that the initial condition on biomass is known:

B0 = B(z, 0). (7.2)

The processes which act to change the biomass profiles over time are both
biological and physical. Of biological processes we will model primary
production and losses, whereas of the physical we will model mixing
and sinking. For the production term we use (2.2):

PB (z, t) = pB(I (z, t)
)
, (7.3)

with the accompanying light model:

dI
dz

= (Kw + kBB)I, (7.4)

such that irradiance at depth becomes:

I(z, t) = I0(t) exp
(
−

z∫
0

(
Kw + kBB(z′, t)

)
dz′
)

, (7.5)

with z′ as a dummy variable for integration. For the losses we use a
vertically uniform loss term:

LB(z, t) = LB. (7.6)

With only these two processes taken into account the growth equation
becomes:

∂B
∂t

=
1
χ

(
PB(z, t)− LB

)
B. (7.7)

This equation holds in case of no mixing and no sinking. Together with
equation (7.5) it forms an integro-differential system, the backbone of
which is the bio-optical feedback. We now explore the dynamics of (7.5)
and (7.7) in more detail. Afterwards we model sinking and mixing, one
by one, before we turn to studying their combined effects.
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7.2 compensation depth

Due to attenuation, irradiance declines with depth (2.13) and so does
production (2.38). Assuming normalized production at the surface is
larger than losses:

PB(0) > LB, (7.8)

there will be a depth at which production will equal losses, termed the
compensation depth zc (m) (Figure 38):

PB(zc) = LB. (7.9)

In principle, using an inverse of PB the compensation depth could be
expressed explicitly as:

zc = (PB)−1(LB), (7.10)

where (PB)−1 stands for the inverse. In practice, using the exponential
photosynthesis irradiance function (1.18) in (7.9) yields:

PB
m

(
1 − exp

(
− αB I(zc)

/
PB

m

))
= LB, (7.11)

from which the compensation irradiance Ic = I(zc) follows as:

Ic = −PB
m

αB ln
(

1 − LB

PB
m

)
. (7.12)

To express zc form Ic the irradiance model itself needs to be inverted.
Using (7.5) as the irradiance model gives Ic as:

Ic = I0 exp

(
−

zc∫
0

(
Kw + kBB(z′)

)
dz′
)

. (7.13)

By combining the previous two expressions we get:

Kwzc + kB

zc∫
0

B(z′)dz′ = − ln
(
− PB

m
αB I0

ln
(

1 − LB

PB
m

))
. (7.14)
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z 
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Figure 38: Due to the attenuation of light photosynthesis PB (blue curve) declines with
depth and has to at some depth equal the loss rate LB (red line). This depth
is called the compensation depth zc (grey line).

Taking the time derivative of the obtained expression, while acknowl-
edging zc = zc(t), yields:

∂zc

∂t
= − kB

Kw + kBB(zc)

zc∫
0

∂B(z′)
∂t

dz′, (7.15)

where the Leibnitz integral rule was applied. We observe that as the
biomass above the compensation depth grows, which it does by definition,
the compensation depth becomes shallower (Figure 38). Therefore, with
time all the biomass will be accumulated in a very thin surface layer:

lim
t→∞

B(z, t) =
∞∫

0

B(z)δ(z)dz. (7.16)
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7.3 the effect of sinking on the biomass profile

Let us assume the phytoplankton sink with a sinking speed w (m s−1).
For now, assume that biomass is conserved, such that neither production
nor losses affect B. In this case we can write:

B(z, t + ∆t) = B(z − w∆t, t) (7.17)

This expression states that biomass at depth z and time t + ∆t came from
depth z − w∆t and time t (Figure 39). In the limit of small ∆t, Taylor
series expansion of both sides around B(z, t) gives:

B(z, t) +
∂B
∂t

∆t ≈ B(z, t)− w
∂B
∂z

∆t. (7.18)

Cancelling terms on both sides yields the advection equation:

∂B
∂t

+ w
∂B
∂z

= 0. (7.19)

The exact solution to this equation, under no flux boundary condition at
the surface, is set by the initial condition B0(z) and reads:

B(z, t) = B0(z − wt). (7.20)

It is important to stress that the shape of the initial condition does not
change with time, it simply gets advected with depth. Therefore, the
ultimate fate of any phytoplankton is to sink out of the photic zone
(Figure 39).

Now assume that during ∆t production and losses also affect B. Equa-
tion (7.17) now becomes:

B(z, t + ∆t) = B(z − w∆t, t)
[

1 +
1
χ

(
PB(z − w∆t, t)− LB

)
∆t
]

. (7.21)

This expression states that during sinking, production acts to increase
biomass and losses act to decrease biomass. Phytoplankton that started
off at depth z − w∆t and time t will experience production given by
B(z − w∆t, t)PB(z − w∆t, t) and losses given by B(z − w∆t, t)LB. Once
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z 

B(z)

w

Figure 39: Subjected to sinking the phytoplankton will simply be “washed out” out of
the photic zone. Each phytoplankton cell increases its depth due to sinking
w (red arrow). The biomass profile (blue curve) gets advected with depth
(grey curve), but it also changes shape due to production and losses during
sinking (orange curve).

again, in the limit of small ∆t, Taylor series expansion of both B(z, t) and
PB(z, t) gives:

B(z, t) +
∂B
∂t

∆t ≈ B(z, t)− w
∂B
∂z

∆t

+
1
χ

[
B(z, t)− w

∂B
∂z

∆t
] [

PB(z, t)− w
∂PB

∂z
∆t
]

∆t

+
1
χ

[
B(z, t)− w

∂B
∂z

∆t
]

LB∆t.

(7.22)
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Keeping only the leading order terms yields the following equation:

∂B
∂t

+ w
∂B
∂z

=
1
χ

(
PB(z, t)− LB)B, (7.23)

which describes the combined effects of sinking, production and losses.
The solution to this equation at steady state ∂B/∂t = 0 is:

B∗(z) = 0. (7.24)

To gain insight into as to why this is the solution we switch our point of
view to what is called the Lagrangian description of fluid motion.

Consider a water parcel at depth z0 at time t = 0 (Figure 40). Its
biomass concentration is equal to B(z0, 0) = B0(z0). Without production,
nor losses, biomass in the water parcel does not change over time. Cells
simply sink such that the biomass concentration found at that depth,
namely B0(z0), will at later time be at depth z0 + wt. Eventually, all cells
sinks out of the photic zone.

Now, let us add the effects of production and losses during sink-
ing. Due to sinking, instantaneous production experienced by the cells
changes with depth. At any given time, instantaneous normalized pro-
duction is calculated at the depth at which the cells are located, given as
PB(z0 + wt, t), whereas losses are constant with depth (7.6). Therefore,
the equation describing the change of biomass at z0 + wt over time is:

∂B
∂t

∣∣∣∣
z0+wt

=
1
χ

(
PB(z0 + wt, t)− LB)B(z0 + wt). (7.25)

Formally, by changing the coordinate system from a stationary one, to
the one sinking with speed w we have transformed a partial differential
equation (7.23) to an ordinary differential equation (7.25). The formal
solution to the obtained equation is:

B(z0 + wt, t) = B0(z0) exp

[
1
χ

t∫
0

(
PB(z0 + wt, t′)− LB

)
dt′
]

, (7.26)

with t′ is a dummy variable for integration.
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Figure 40: A patch of phytoplankton with biomass B0 found at depth z0 (orange circle)
sinks with speed w (red arrow). As it sinks it experiences varying light
conditions I(z0 + wt, t) and subsequently production PB(z0 + wt, t).

With the bio-optical feedback (7.5) in place, PB(z0 + wt, t) is arguably
complicated to calculate. Using (1.18) for the photosynthesis irradiance
functions gives:

PB(z0 + wt, t) = PB
m

(
1 − exp

(
−αB I(z0 + wt, t)

/
PB

m

))
, (7.27)

which is coupled to the light penetration model:

I(z0 + wt, t) = I0(t) exp
(
−

z0+wt∫
0

(
Kw + kBB(z′, t)

)
dz′
)

, (7.28)

such that irradiance at depth z0 + wt requires information on biomass
from the surface up to that depth. Therefore, to calculate the change
in biomass at depth, information on biomass above that depth is required.
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However, valuable insight can be gained by ignoring the bio-optical
feedback and finding an analytical solution to (7.26). This solution is
valid in the regime of:

kBB ≪ Kw. (7.29)

In this case light at depth z0 + wt becomes:

I(z0 + wt, t) = I0(t) exp
(
− Kw(z0 + wt)

)
, (7.30)

and normalized production reads:

PB(z0 + wt, t) = PB
m

[
1 − exp

(
−αB I0(t)

PB
m

exp
(
− Kw(z0 + wt)

))]
.

(7.31)
Going back to (7.26) this expression has to be integrated over time. For
simplicity, we set I0(t) = Im

0 such that the integral we need to solve is:

t∫
0

PB(z0 +wt, t′)dt′ =
t∫

0

PB
m

[
1 − exp

(
−αB Im

0
PB

m
exp

(
− Kw(z0 + wt′)

))]
dt′.

(7.32)
Using (2.18) and following the same procedure we used in finding the
analytical solution for the daily production profile (2.33), transforms the
prior expression into:

t∫
0

PB(z0 + wt, t′)dt′ = −PB
m

∞

∑
n=1

(−Im
∗ )

n

n!

t∫
0

exp
(
− Kw(z0 + wt′)

)n
dt.

(7.33)
The integral on the right hand side is a standard form integral and the
solution to (7.26) reads:

B(z0 + wt, t) = B0(z0) exp

[
PB

m
χ

∞

∑
n=1

(Im
∗ )

n exp (−Kwn(z0 + wt))
Kw w n n!

− LBt

]
.

(7.34)
We observe that with time both exponentials go to zero, irrespective of
B0(z0), justifying (7.24) as the solution to (7.23) at infinite time and con-
sistent with the conclusion that sinking phytoplankton cells get washed
out of the photic zone.
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7.4 the effect of mixing on the biomass profile

Let us assume the phytoplankton are actively mixed due to turbulence
(Figure 41). We model the effect of turbulence by modifying the sinking
speed such that it has an additional random component:

w = ⟨w⟩+ w′, (7.35)

where ⟨w⟩ is the average and w′ is the random component, whose average
is by definition zero. The average is taken over a characteristic time scale
T chosen to be short enough such that there is a change in the average,
but long enough such that the fluctuations cancel out [10]. The averaging
is defined by:

⟨x⟩ = 1
T

T∫
0

x(t)dt. (7.36)

We assume that w is depth independent, implying mixing is uniform
throughout the water column. Due to mixing we also model biomass as
having an average component ⟨B⟩ and a fluctuation B′, such that biomass
reads:

B = ⟨B⟩+ B′, (7.37)

with the property that the average of B′ is by definition zero. Prior to
inserting these two expression into (7.23) we acknowledge that due to
w ̸= w(z) we can rewrite it as:

∂B
∂t

+
∂

∂z
(wB) =

1
χ

(
PB(z, t)− LB

)
B. (7.38)

Now, after inserting w from (7.35) and B from (7.37) we get:

∂

∂t

(
⟨B⟩+ B′

)
+

∂

∂z

[(
⟨w⟩+w′

)(
⟨B⟩+ B′

)]
=

1
χ

(
PB(z, t)− LB

)(
⟨B⟩+ B′

)
.

(7.39)
By averaging this equation using (7.36), it transforms into:

∂ ⟨B⟩
∂t

+
∂

∂z

(
⟨w⟩ ⟨B⟩+ ⟨w′B′⟩

)
=

1
χ

(
PB(z, t)− LB

)
⟨B⟩ , (7.40)
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B0

z

t

Figure 41: Lagrangian view of random motion due to turbulence. A patch of phyto-
plankton (orange circle) will experience fluctuations in its position (grey) due
to the random component of velocity (7.35). In an Eulerian description this
effect is parametrised via the turbulent mixing flux (7.41).

where we have acknowledged that the average of a product is not the
same as the product of the averages. The third term on the left hand side
is typically parametrized as:

− ∂

∂z
⟨w′B′⟩ = M

∂ ⟨B⟩
∂z

, (7.41)

where M is the mixing coefficient (m2 s−1). With this our equation
becomes:

∂B
∂t

+ w
∂B
∂z

=
1
χ
(PB(z, t)− LB)B + M

∂2B
∂z2 , (7.42)

where we have written ⟨B⟩ simply as B, with the understanding that
biomass is a function of depth and time B = B(z, t).

The derived equation can also be written using the notion of flux F
(mg Chl m−2 s−1), with contributions from sinking and mixing:

F = wB − M
∂B
∂z

. (7.43)

In this notation the above equation becomes simply:

∂B
∂t

=
1
χ
(PB(z, t)− LB)B − ∂F

∂z
. (7.44)
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As a first step in our analysis we set w = 0 and focus on the effects of
mixing in shaping the biomass profile, along with production and losses.
Our starting equation is:

∂B
∂t

=
1
χ
(PB(z, t)− LB)B + M

∂2B
∂z2 , (7.45)

coupled to equation (7.5) for irradiance. The problem as stated requires
specification of boundary conditions. At the surface we specify no flux
as the boundary condition:

M
∂B
∂z

∣∣∣∣
0
= 0, (7.46)

whereas at infinite depth we specify zero biomass:

B(∞, t) = 0. (7.47)

Our primary interest lies in exploring the properties of the non-trivial
steady state B∗ > 0. At steady state equation (7.45) reduces to:

M
∂2B∗

∂z2 = − 1
χ
(PB(z)− LB)B∗. (7.48)

We note that at steady state production is time independent and we
write PB(z, t) = PB(z). The stated boundary conditions provide enough
information to qualitatively describe the steady state solution to (7.48).

At the surface, boundary condition (7.46) sets the slope of B∗ to zero,
implying there is a maximum in biomass at the surface (Figure 42):

B(0) = Bm. (7.49)

To see if this is a local, or a global maximum, we observe the second
derivative of B. Since above zc production exceeds losses, following (7.48)
from the surface till zc we have:

∂2B∗

∂z2 < 0, z < zc, (7.50)
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implying the biomass profile declines with depth (Figure 42):

∂B∗

∂z
< 0. (7.51)

At the compensation depth zc, by definition (7.9), production equals
losses, therefore by again following (7.48) we have:

∂2B∗

∂z2

∣∣∣∣
zc

= 0, (7.52)

implying there is an inflexion point zi at the compensation depth (Fig-
ure 42). Below the inflexion point the second derivative changes sign:

∂2B∗

∂z2 > 0, z > zc, (7.53)

pushing the slope of B up. Because the normalized production PB(z)
declines with depth it only crosses the loss term at zc, therefore there
is no other inflexion point and the biomass profile continues to decline
with depth, finally ending in B∗(∞) = 0.

We can gain more information on B∗ by integrating (7.48) from the
surface to depth z:

∂B∗

∂z

∣∣∣∣
z
= − 1

Mχ

z∫
0

(
PB(z‘)− LB)B∗(z‘)dz′, (7.54)

where we have acknowledged the surface boundary condition (7.46),
with z′ as a dummy variable for integration. According to the obtained
expression the slope of the steady state biomass profile is dictated by
the difference between integrated production and losses, divided by M
(Figure 42). It is inversely proportional to mixing coefficient M, implying
that mixing acts to reduce gradients in the biomass profile.

In light of equation (7.15), which describes the time evolution of the
compensation depth, we can look whether the compensation depth can
acquire a steady state:

∂zc

∂t
= 0. (7.55)
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Figure 42: Subjected to mixing phytoplankton may acquire a steady state biomass profile
(blue curve). Maximum biomass Bm is attained at the surface and declines
with depth. The slope of the biomass profile is determined by the difference
between vertically integrated production and losses up to that depth (7.54).

Inserting (7.45) into (7.15), whilst acknowledging (7.46), leads to:

∂zc

∂t
= − kB

Kw + kBB(zc)

[
1
χ

zc∫
0

(
PB(z′, t)− LB

)
B dz′ + M

∂B
∂z

∣∣∣∣
zc

]
. (7.56)

For this expression to equal zero the following has to hold:

1
χ

zc∫
0

(
PB(z′, t)− LB

)
B dz′ = −M

∂B
∂z

∣∣∣∣
zc

. (7.57)
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Since by definition above zc production exceeds losses, the term on the
right hand side acts to balance the excess production on the left hand side
and a steady state is possible. Physically, the term on the right hand side
is the turbulent flux and it is positive, implying that excess production
above zc gets mixed downwards.

7.5 combined effects of sinking and mixing

We now proceed to model sinking cells in a turbulent environment, such
that the evolution of biomass is described by:

∂B
∂t

+ w
∂B
∂z

=
1
χ

(
PB(z, t)− LB)B + M

∂2B
∂z2 . (7.58)

Having both mixing and sinking acting simultaneously changes the
surface boundary condition to:

wB(0)− M
∂B
∂z

∣∣∣∣
0
= 0, (7.59)

It is still a no flux boundary, just that the flux now consists of an advective
and a diffusive term. The bottom boundary condition (7.47) is unaltered.

Once again, we aim to explore the steady state solution, in which case
(7.58) reads:

w
∂B∗

∂z
=

1
χ

(
PB(z)− LB)B∗ + M

∂2B∗

∂z2 . (7.60)

The surface boundary condition now implies that the slope of the steady
state biomass profile at the surface is no longer zero, but given as:

∂B∗

∂z

∣∣∣∣
0
=

w
M

B∗(0) > 0. (7.61)

This further implies the biomass profile may have a subsurface maximum.
Given the bottom boundary condition (7.47) we see that as depth increases
B∗ has to decline to zero, which is clearly less than B∗(0), meaning that
B∗ has to have a global maximum somewhere from the surface till great
depth (Figure 43). To achieve this the first derivative has to change sing
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Figure 43: Steady state biomass profile (green curve) in case of production, losses,
sinking (red arrow) and mixing. Maximum biomass Bm is attained below
the surface at depth zm, which is shallower than the compensation depth zc
(7.64). The slope of the biomass profile is given by (7.66). At the depth of
the maximum zm (orange line), the difference between vertically integrated
production Pzm and losses Lzm is balanced by sinking wBm.

at some depth and become negative. At the depth where this occurs the
first derivative of B∗ is zero and the second derivative is less than zero:

∂B∗

∂z

∣∣∣∣
zm

= 0,
∂2B∗

∂z2

∣∣∣∣
zm

< 0, (7.62)

and we label this depth zm (Figure 43).
Acknowledging the conditions for the maximum (7.62) directly in (7.60)

leads to:

M
∂2B∗

∂z2

∣∣∣∣
zm

= − 1
χ

(
PB(zm)− LB)B∗(zm) < 0. (7.63)
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For this to hold the production term has to be larger than the loss term.
By definition, it is positive above the compensation depth zc, meaning that
the depth of the maximum has to be shallower than the compensation
depth:

zm < zc. (7.64)

In comparison to (7.52) at the compensation depth we now have:

∂2B∗

∂z2

∣∣∣∣
zc

=
w
M

∂B∗

∂z

∣∣∣∣
zc

, (7.65)

therefore the inflexion point is no longer located at zc. Since the depth
of the maximum is shallower than the compensation depth it must be
that the inflexion point is also shallower than the compensation depth.
However, due to B(∞) = 0 there must be a second inflection point deeper
than zm. At this second inflexion point the first derivative of biomass
has to be less than zero since biomass has already reached the global
maximum. In order for this to hold the loss term has to be greater than
the production term, which by definition occurs below the compensation
depth and this condition is met.

Once again, we can gain more information on B∗ by integrating (7.60)
from the surface to depth z:

∂B∗

∂z

∣∣∣∣
z
= − 1

M

z∫
0

1
χ

(
PB(z‘)− LB)B∗(z‘)dz′ +

w
M

B∗, (7.66)

where we have acknowledged the surface boundary condition (7.59), with
z′ as a dummy variable for integration. By comparison with (7.54) the
slope of the steady state biomass profile is now dictated by the difference
between integrated production and losses, divided by M, supplemented
by an additional term wB∗/M, which arises due to sinking. It is due to
this additional term, which is always positive for B∗ > 0, that the biomass
slope can change sing, making a subsurface maximum plausible. At the
depth of the maximum zm, the previous expression becomes:

B∗(zm) =
1
w

zm∫
0

1
χ

(
PB(z)− LB)B∗ dz, (7.67)
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Therefore, at steady state excess production over losses occurring above
the maximum is matched by sinking at depth zm (Figure 43). We also
observe that biomass at the maximum is inversely related to the sinking
speed w.

Here again, we can use equation (7.15) to check whether the compen-
sation depth can acquire a steady state. Inserting (7.58) into (7.15), whilst
acknowledging (7.59), gives:

∂zc

∂t
= − kB

Kw + kBB(zc)

[
1
χ

zc∫
0

(
PB(z′, t)− LB

)
B dz′ + M

∂B
∂z

∣∣∣∣
zc

− wB(zc)

]
.

(7.68)
For this to equal zero we require:

1
χ

zc∫
0

(
PB(z′, t)− LB

)
B dz′ = −M

∂B
∂z

∣∣∣∣
zc

+ wB(zc). (7.69)

We see that the flux term on the right hand side acts to balance the
excess production on the left hand side and a steady state is possible. The
difference here being that the flux consists of sinking and mixing, whereas
in the prior expression (7.57) it was only due to mixing. However, in both
cases a steady state is reached, with the compensation depth being fixed
in time.
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7.6 strong mixing

Of particular interest is the case of instantaneous active mixing, holding
the biomass in the mixed layer uniform, enabling us to use (5.43) for the
mixed layer biomass evolution, transforming (7.15) into:

∂zc

∂t
= −

(
kB

Kw + kBB
∂B
∂t

)
zc. (7.70)

Above the compensation depth growth surpasses losses, whereas below it
we have the opposite. At steady state, when total mixed layer production
equals losses, this implies:

z∗c < Zm, (7.71)

in order for mixed layer losses to equal mixed layer production. We have
used z∗c to mark the compensation depth at steady state. Since at steady
state we have S∗ = Zm prior expression becomes:

z∗c < S∗, (7.72)

as expected. In conclusion, the depth at which production equals the
loss rate is the compensation depth, whereas the depth at which average
mixed layer production equals the loss rate is the critical depth. Since the
production profile is a decreasing function of depth (2.38), average mixed
layer production will be higher than the production at the base of the
mixed layer:

⟨P⟩B
Zm

> PB
T (Zm). (7.73)

This is the mathematical explanation for why mixing acts favourably to
increase production below the compensation depth. With no mixing,
production below the compensation depth is lower than the loss rate and
therefore growth below the compensation depth is negative. With active
mixing instantaneous production below the compensation depth is still
less than the loss rate, but now, due to mixing, it is the average production
that matters and this is higher than the loss rate. Therefore, biomass is
sustainable all the way to the mixed layer depth to which the optically
coupled critical depth converges to, provided Zm < C. For Zm > C loss
rate surpasses the average production and growth is negative throughout
mixed layer.
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7.7 problems

1. It is interesting to observe that the sinking term can be eliminated
from the model (7.58) by using the following transformation [50]:

B = exp
( w

2M
z
)

B̃. (7.74)

Inserting the above in (7.58), carrying out the derivatives and cancelling
the exponential term exp (wz/2M) yields:

∂B̃
∂t

=

[
1
χ

(
PB(z, t)− LB

)
− w2

4M

]
B̃ + M

d2B̃
dz2 . (7.75)

Carry out the described procedure and derive (7.75). Interpret the effect
the term w2/4M has on the equation.

2. Extend the model (7.58) to include the effect of nutrients on produc-
tion. To achieve this a nutrient equation has to be coupled to the biomass
equation:

∂N
∂t

= − ν

χ
(PB(z, t)− LB)B + M

∂2N
∂z2 , (7.76)

with ν as the nitrogen to chlorophyll ratio. This equation requires an
initial condition on nutrient concentration, stated as:

N0 = N(z, 0). (7.77)

It also requires two boundary conditions: at the surface and at depth.
The surface boundary condition is that of no flux:

M
∂N
∂z

∣∣∣∣
0
= 0, (7.78)

whereas the bottom boundary condition is that of constant nutrient
concentration in the deep ocean:

N(∞) = Nd. (7.79)
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The production term now becomes:

PB(z, t) =
N(z, t)

N(z, t) + Nk
pB(I(z, t)

)
. (7.80)

Study the model first under no sinking of phytoplankton w = 0 in (7.58).
Multiplying the biomass equation (7.58) with ν, add it to the nutrient
equation (7.76) and derive the following for steady state:

B∗ =
N∗

d − N
ν

. (7.81)

Observe if a subsurface maximum in biomass appears. Subsequently set
w > 0 in (7.58) and derive analogue expressions to (7.66) for both biomass
and nutrients. Under which conditions does a subsurface maximum in
biomass appear?

3. Consider a finite depth water column, with a bottom at Zb. The
equation describing biomass evolution is the same as in the infinite water
column case (7.58). The surface boundary condition also remains the
same as (7.59), but at the bottom a no flux boundary condition is now in
place:

wB(Zb)− M
∂B
∂z

∣∣∣∣
Zb

= 0. (7.82)

To study the effect of a bottom on the steady state solution it is noteworthy
first to study equation (7.58) at steady state without the production and
the loss term:

w
∂B∗

∂z
= M

∂2B∗

∂z2 . (7.83)

This equation describes the distribution of inert sinking particles under
mixing. Given the closed boundary conditions, the total number of such
particles remains constant. Verify that:

B∗(z) = B∗(0) exp
( v

M
z
)

, (7.84)

is the solution for inert particles at steady state. Now add the production
and loss terms and study biomass at steady state in comparison to
the solution for inert particles. How does the closed bottom boundary
condition affect B∗(z) in comparison to the infinite water column case?





8
N U M E R I C A L S I M U L AT I O N S

The analytical approach laid out thus far, while instructive, has its lim-
itations. It is useful to study the properties of steady state solutions,
but given the problems are non linear, it is difficult to solve for the time
dependent solutions exactly. Due to this we have to resolve to numerical
methods to study the time evolution of the system. Here we provide
basic numerical methods which can be used to study the dynamics of
biomass, light and production profiles in the ocean. The methods we
present are rather elementary and are by no means the state of the art.
The goal is to demonstrate the basics of numerical modelling. Interested
reader is encouraged to explore more detailed numerical methodology in
[10, 49] and a paper devoted specifically to modelling biomass profiles in
the ocean [24].

The partial differential equation describing the time evolution of the
biomass profile (7.58) consists of four terms: local change, advective
term, mixing term and the reaction term, which itself consists of the
production and loss terms. Coupled to it is the light penetration model
(7.5), which has to be solved simultaneously. To translate such a coupled
system into numerical form requires proper numerical treatment of each
term in order for the numerical model to exhibit stable behaviour and
yield correct solutions. To achieve these goals, the numerical schemes
we use have to exhibit certain mathematical properties and securing
such properties is no easy feet. Nonetheless, once secured, the ensuing
numerical simulations help us to pierce deeper into the dynamics of
biomass, light and production in the ocean.
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8.1 problem formulation

The equation we wish to solve numerically is the partial differential
equation (7.58), which we restate here for clarity:

∂B
∂t

+ w
∂B
∂z

=
1
χ

(
PB(z, t)− LB)B + M

∂2B
∂z2 . (8.1)

It is classified in the literature as the advection diffusion reaction equa-
tion. The advection term is due to sinking, the diffusion term is due to
mixing and the reaction term is due to production and losses.

On the left hand side of the equation we have a time derivative of
biomass, which makes biomass what is called a prognostic variable.
Prognostic variables fully describe the state of the system at any time.
They are calculated from equations such as (8.1) along with initial and
boundary conditions. Another common term in the literature for such
variables is state variables. Complementary to prognostic are diagnostic
variables, which can be calculated from the knowledge of prognostic
variables. In our model light is one such variable. It is calculated with
the light penetration model (7.5), also restated here for clarity:

I(z, t) = I0(t) exp
(
−

z∫
0

(
Kw + kBB(z′, t)

)
dz′
)

. (8.2)

The two equations from an integro-differential system and in order to
solve it by numerical means, terms in the equations have to be converted
to their numerical counterparts, which is referred to as discretization.
The mathematical procedure of discretization is not unique, and the
analytical model can have numerous numerical representations, referred
to as numerical schemes.

Before proceeding to explore numerical schemes it is important to
stress that each numerical scheme has its limitations. To demonstrate
this let us imagine that an analytical solution to our problem is known.
The task of the numerical model is then to reproduce this solution. How
precise the numerical result will be depends on a few factors. First, the
numerical scheme has to reproduce the analytical equation in the limit of
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small time and spatial steps. This property is referred to as consistency.
Second, it has to be stable and not blow up, in other words not give
infinite solutions due to numerical instabilities. This property is referred
to as stability. Third, the solution it produces has to converge onto the
analytical solution. This property is referred to as convergence. Securing
consistency, stability and convergence of numerical schemes is not an
easy undertaking.

Hawing explained the basic underpinnings of numerics, to fully specify
the problem at hand, we need to set initial and boundary conditions.
The biomass equation requires an initial condition and two boundary
conditions. We set the initial condition as:

B(z, 0) = B0(z), (8.3)

where B0(z) is a known function. Once again, at the surface we specify a
no flux boundary condition:

wB(0)− M
∂B
∂z

∣∣∣∣
0
= 0, (8.4)

and at infinite depth we specify zero biomass:

B(∞, 0) = 0. (8.5)

The initial and boundary conditions have to be translated to their numer-
ical counterparts. Whilst this is easily doable for the initial condition, for
boundary conditions the procedure is not trivial. Also, the irradiance
model requires a boundary condition in the form of surface irradiance:

I(0, t) = I0(t), (8.6)

were we assume I0(t) is known. The irradiance model also uses the initial
condition on biomass to calculate I(z, 0). Having specified the model
fully in analytical form, we now proceed to translate it to its numerical
counterpart.
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8.2 numerical model setup

We begin the model setup by first defining discrete depths zn as:

zn = (n − 1/2)∆z, (8.7)

where n is the depth index (n = 1, 2, ..., N) and ∆z is the separation
between the two consecutive depths. Note the first depth is at ∆z/2.
Discrete time tj is defined as:

tj = j∆t, (8.8)

where j is the time index (j = 1, 2, ..., J) and ∆t is the time step. This
configuration is shown in Figure 44, referred to as the numerical grid.

z 

tj +1j

n +1

n

1n

j
nB

j
n - 1B

j
n + 1B

j + 1
nB

1j

j - 1
nB

Figure 44: Numerical grid used to represent model variables, here shown for biomass
B. In a numerical model a continuous variable, such as B(z, t) becomes a
discrete variable Bj

n = B(zn, tj). By changing index n we change depth (blue
circles), whereas by changing index j we change time (orange circles).
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With the grid defined the continuous model variables, such as irradi-
ance, production and biomass now become discrete variables:

I(z, t) → I(zn, tj) = I j
n, (8.9)

P(z, t) → P(zn, tj) = Pj
n, (8.10)

B(z, t) → B(zn, tj) = Bj
n. (8.11)

With the variables discretized the next step is to discretize the model
equations themselves. The equation we proceed to solve is (8.1) coupled
to the light penetration model (8.2).

Having defined the numerical counterparts, Bj
n and I j

n, to continuous
variables, B(z, t) and I(z, t), our goal now is to calculate biomass at the
next time step Bj+1

n = B(zn, tj + ∆t) from the knowledge of biomass at

the current time step Bj
n = B(zn, tj). To this end we have to discretize

each term of equation (8.1). We proceed from left to right. The first term
on the left hand side of equation (8.1) is the time derivative, which now
has to be approximated numerically.

To demonstrate the principle of numerical approximation we simplify
equation (8.1) to a growth model of the following form:

∂B
∂t

=
1
χ

(
PB

m − LB)B, (8.12)

where B = B(z, t). This simple model describes the growth of phyto-
plankton under light saturation, subjected to constant losses, under no
sinking nor mixing. The equation is a standard growth equation with the
well known analytical solution:

B(z, t) = B(z, 0) exp
[

1
χ

(
PB

m − LB)t ]. (8.13)

The model in this form will suffice for now in order to gradually build
up a numerical scheme which can solve (8.1) with all processes taken
into account. To solve (8.12) numerically we need to rewrite the time
derivative in numerical form, which we now proceed to do.
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8.3 time derivative

Generally, we can write B(z, t + ∆t) as a Taylor series around B(z, t):

B(z, t + ∆t) = B(z, t) +
∂B
∂t

∣∣∣∣
(z,t)

∆t +
1
2

∂2B
∂t2

∣∣∣∣
(z,t)

(∆t)2 + ..., (8.14)

where ∆t is positive. Keeping only the first order term provides a numer-
ical approximation for the time derivative:

∂B
∂t

∣∣∣∣
(z,t)

≈ B(z, t + ∆t)− B(z, t)
∆t

, (8.15)

which is referred to as the Euler scheme [49], to be more specific the
forward in time Euler scheme [10], or simply the forward in time scheme
(Figure 45). Using the newly established notation (8.11) we arrive at:

∂B
∂t

∣∣∣∣
(zn,tj)

→ 1
∆t

(
Bj+1

n − Bj
n

)
. (8.16)

Therefore, in numerical form equation (8.12) becomes:

1
∆t

(
Bj+1

n − Bj
n

)
=

1
χ

(
PB

m − LB
)

Bj
n. (8.17)

Such equations are typically rearranged to have biomass at the next time
step Bj+1

n on the left hand side:

Bj+1
n = Bj

n +
1
χ

(
PB

m − LB
)

Bj
n∆t. (8.18)

This is a prototypical form in which such numerical expressions are
written in. The left hand side holds the quantity at time t + ∆t that is to
be calculated from the quantities on the right hand side, which are all
known at time t. Therefore, with a given initial condition for B at time
t = 0 the equation can be used to calculate B at time t + ∆t. Subsequently,
the process can be repeated, now starting from t + ∆t, to calculate B at
time t + 2∆t. The procedure is often referred to as time stepping.
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t

t j +1t j

B(t) j

nB

j+1

nB

Figure 45: Graphical illustration of the Euler method. The value of B at depth z and

time tj+1 = (j + 1)∆t, marked Bj+1
n (orange point), is approximated with the

first derivative of B at depth z and time tj = j∆t, marked Bj
n (red point).

Therefore, time stepping of the numerical scheme (8.18) enables us to
simulate the solution to equation (8.12), but comes at a cost in the form
of an associated error, which we define as:

ej
n = B(zn, tj)− Bj

n. (8.19)

To demonstrate the origin of the error let us compare the Taylor series
in (8.14) to its numerical counterpart (8.18). Both expressions predict
biomass at depth zn and time tj+1. By equating the two expressions we
obtain the following:

Bj
n +

∂B
∂t

∣∣∣∣
(zn,tj)

∆t +
1
2

∂2B
∂t2

∣∣∣∣
(zn,tj)

(∆t)2 + ... = Bj
n +

1
χ

(
PB

m − LB
)

Bj
n∆t.

(8.20)
After cancelling Bj

n and rearranging we are left with:

∂B
∂t

∣∣∣∣
(zn,tj)

=
1
χ

(
PB

m − LB
)

Bj
n −

1
2

∂2B
∂t2

∣∣∣∣
(zn,tj)

∆t + ... (8.21)
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Comparing this expression to the original equation we set out to solve
(8.12), we observe the appearance of additional terms, which are not
present in the numerical scheme (8.18). These terms form the truncation
error. In case of (8.21) we observe that the leading term is of first order
in ∆t and the scheme is said to be first order accurate. In the limit of
ever smaller ∆t we recover the original equation (8.12) and therefore the
scheme is consistent.

The stability of the scheme can be studied in the following manner.
First, we rewrite (8.18) as:

Bj+1
n =

[
1 +

1
χ

(
PB

m − LB
)

∆t
]

Bj
n, (8.22)

and observe that by induction the following holds:

Bj
n =

[
1 +

1
χ

(
PB

m − LB
)

∆t
]j

B0
n, (8.23)

Whether or not this expression is stable is determined by the term in the
square brackets. When it is greater than unity the scheme is unstable,
whereas when it is less than unity the scheme is stable.

However, when production dominates, that is PB
m > LB, the analytical

solution itself (8.13) is unstable in this sense. On the other hand, when the
loss term dominates, that is PB

m < LB, the analytical solution (8.13) decays
over time. For the numerical scheme to exhibit this same behaviour we
require the error not to go to infinity. By looking at the error in time tj+1,
that is:

ej+1
n = B(zn, tj+1)− Bj+1

n , (8.24)

and inserting (8.14) and (8.22) we get, after some meticulous algebra, the
following expression for the error:

ej+1
n =

[
1 +

1
χ

(
PB

m − LB
)

∆t
]

ej
n +

1
2

∂2B
∂t2

∣∣∣∣
(zn,tj)

(∆t)2 + ... (8.25)

If at initial time B(zn, tj) = Bj
n the error is of second order. Upon disre-

garding second order terms we are left with:

ej+1
n =

[
1 +

1
χ

(
PB

m − LB
)

∆t
]

ej
n. (8.26)
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The factor in the square brackets in this expression determines the growth
of the error over time. In order for the error to be bounded, the modulus
of the term in the square brackets to be less than unity:∣∣∣∣1 + 1

χ

(
PB

m − LB
)

∆t
∣∣∣∣ ≤ 1, (8.27)

implying the interval of stability for Euler’s method is:

−2 <
1
χ

(
PB

m − LB
)

∆t < 0. (8.28)

Choosing ∆t such that the derived condition is met will render the Euler
scheme stable. The simplifying assumption here is that the produc-
tion term is constant and equal to the assimilation number, which does
not hold in the ocean. Therefore, a proper numerical treatment of the
production term is in order, which is done in the following section.

8.4 production term

Given light is the driver of production we proceed first to demonstrate
how to calculate irradiance at depth. For surface irradiance we now write:

I j
0 = I0(tj). (8.29)

Irradiance at depth I j
n can be calculated by directly discretizing equation

(8.2), as shown in Figure 46. We begin with the first level z1 = ∆z/2,
where irradiance equals:

I j
1 = I0(tj) exp

(
−
(
Kw + kBBj

1

)∆z
2

)
, (8.30)

with water contributing to attenuation with the Kw∆z/2 term and biomass
with the kBBj

1∆z/2 term. Having irradiance at the first model depth
z1 = ∆z/2 now allows us to calculate irradiance at the second model
depth, where z2 = 3∆z/2:

I j
2 = I j

1 exp
(
− Kw∆z + kBBj

1
∆z
2

− kBBj
2

∆z
2

)
, (8.31)
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where water contributes with the Kw∆z term and biomass with two terms:
kBBj

1∆z/2 corresponding to biomass from ∆z/2 to ∆z and kBBj
2∆z/2

corresponding to biomass from ∆z to 3∆z/2. By generalizing we can
calculate I j

n, where n = 2, 3, ..., N, level by level:

I j
n = I j

n−1 exp
(
− Kw∆z + kBBj

n−1
∆z
2

− kBBj
n

∆z
2

)
. (8.32)

An alternative approach is to represent (8.2) directly as a sum for all the
levels where n = 2, 3, ..., N:

I j
n = I0(tj) exp

(
−

n−1

∑
i=1

(
Kw + kBBj

i

)
∆z −

(
Kw + kBBj

n
)∆z

2

)
, (8.33)

while still using (8.30) for the first level.
Having numerically calculated irradiance I j

n we now proceed to calcu-
late the production term numerically. Calculation of the production term
is straightforward, with irradiance at depth I j

n used in the pB(I) function
to calculate PB(zn, tj):

Pj
n = Bj

n pB(I j
n). (8.34)

This expression will give production at the model level zn and we can
regard it as representative of production taking place in the layer extend-
ing from zn − ∆z/2 up to zn + ∆z/2. With this in mind, an alternative
approach for calculating PB(zn, tj) is to calculate irradiance at top of each
level and use it to calculate average production in that layer (Figure 47).
Irradiance at the top of each level is simply:

I j
n−1/2 = I0(tj) exp

(
−

n−1

∑
i=1

(
Kw + kBBj

n
)
∆z
)

, (8.35)

where n − 1/2 is used to indicate the top of the layer and n = 2, 3, ..., N,
with the understanding that I j

1/2 = I0(tj). Having irradiance at the
top of each layer, we can now use it to calculate average instantaneous
production in that layer:

⟨P⟩j
n =

1
∆z

zn+∆z/2∫
zn−∆z/2

Bj
n pB(I)dz, (8.36)
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Figure 46: Numerical calculation of irradiance at model depths zn (blue points), indexed
with n. Irradiance at each model depth is attenuated due to the water and
biomass above that depth and can be calculated from irradiance at the level
above (8.32), or from an integral expression extending from the surface up to
that depth (8.33).

where we introduce the notation ⟨P⟩j
n for average instantaneous pro-

duction for the layer with index n. We can rewrite this expression as:

⟨P⟩j
n =

Bj
n

∆z

( ∞∫
zn−∆z/2

pB(I)dz −
∞∫

zn+∆z/2

pB(I)dz

)
, (8.37)

where biomass Bj
n comes out of the integral due to it being uniform

in each layer. Therefore, solving (8.36) amounts to assuming uniform
biomass below zn − ∆z/2 and subtracting the two integrals. This is
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analogous to the approach used in (3.38). To find an exact solution we
employ (1.18) for the photosynthesis irradiance function, turning (8.36)
into:

⟨P⟩j
n =

Bj
nPB

m
∆z

zn+∆z/2∫
zn−∆z/2

{
1 − exp

[
− αB

PB
m

I j
n−1/2 exp

(
− (Kw + kBBj

n)z
)]}

dz.

(8.38)
By a change of variables:

x =
αB

PB
m

I j
n−1/2 exp

(
− (Kw + kBBj

n)z
)

(8.39)

the first integral on the right hand side of (8.37) becomes a table integral
and its solution reads:

∞∫
zn−∆z/2

{
1 − exp

[
− αB

PB
m

I j
n−1/2 exp

(
− (Kw + kBBj

n)z
)]}

dz =

=
1

Kw + kBBj
n

∞

∑
m=1

(−1)m+1

m · m!

( αB

PB
m

I j
n−1/2

)m
.

(8.40)

The same holds for the second integral, but with a difference in index
n − 1/2, becoming n + 1/2 instead, due to the depth changing from
zn − ∆z/2 to zn + ∆z/2:

∞∫
zn+∆z/2

{
1 − exp

[
− αB

PB
m

I j
n−1/2 exp

(
− (Kw + kBBj

n)z
)]}

dz =

=
1

Kw + kBBj
n

∞

∑
m=1

(−1)m+1

m · m!

( αB

PB
m

I j
n+1/2

)m
.

(8.41)

This substitution was used prior in (3.10). Merging the two expressions
gives the solution to (8.38):

⟨P⟩j
n =

Bj
nPB

m

(Kw + kBBj
n)∆z

∞

∑
m=1

(−1)m+1

m · m!

[( αB

PB
m

I j
n−1/2

)m
−
( αB

PB
m

I j
n+1/2.

)m
]

(8.42)
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Figure 47: Numerical calculation of the production term at model depths zn, indexed
by n. Production at each model depth (blue points) can be calculated using
irradiance at that depth (8.34), or from average production in the layer (8.42),
which is calculated using irradiance at the top of the layer (blue arrow).

This expression provides the average production in the layer extending
from zn − ∆z/2 to zn + ∆z/2. It takes into account the curvature in the
production profile (blue area in Figure 47). In comparison, expression
(8.34) does not take into account the curvature, but represents production
of the total layer as the production in the middle point of the layer (blue
dots in Figure 47). Consequently, expression (8.42) does not have this
error associated with it. Naturally, how big this error will depends on the
shape of the normalized production profile and the size of the separation
between two layers ∆z.
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8.5 advective term

Having shown how to calculate the production term we now proceed to
model sinking, which is represented with an advective term in equation
(8.1). To elucidate the numerical procedure for discretizing the advective
term in (8.1) we will first focus solely on the advection equation (7.19),
restated here:

∂B
∂t

+ w
∂B
∂z

= 0, (8.43)

along with its exact analytical solution in case of no flux boundary
condition at the surface (7.20):

B(z, t) = B0(z − wt), (8.44)

where B0(z) = B(z, 0) is the initial condition. The advection equation will
here be translated into numerical form in order to later be incorporated
into the larger model, which will take into account production and losses,
along with mixing. Before proceeding to discretize the equation we will
briefly state some of its properties, which are relevant for obtaining cor-
rect numerical representations of the equation and subsequently correct
numerical solutions.

The advection equation in our case represents the effect of phytoplank-
ton sinking under gravity, therefore w > 0 in our model. The sinking
speed is assumed uniform throughout the water column w ̸= w(z), im-
plying all phytoplankton cells sink at the same rate. Imagine now an
observer starts at a depth z0 and sinks at the same rate w (Figure 48),
such that its vertical velocity is described by:

dzobs

dt
= w, (8.45)

and the position of the the observer follows easily as:

zobs(t) = z0 + wt. (8.46)

Consider now what such an observer would measure. The biomass
concentration at zobs(t) would not change over time, since there is no
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production nor losses taking place. Therefore biomass which the ob-
server would measure at any time would correspond to the biomass
concentration at initial time:

Bobs(zobs(t)) = Bobs(zobs(0)). (8.47)

By setting t = 0 in (8.46) and inserting it in this expression, yields:

Bobs(zobs(t)) = B0(z0). (8.48)

We can now express z0 from (8.46) as:

z0 = zobs(t)− wt, (8.49)

and insert it in the prior expression to get:

Bobs(zobs(t)) = B0(zobs(t)− wt). (8.50)

Since z0 is arbitrary the same holds for the entire water column, which
allows us to drop the subscript on zobs to write:

B(z, t) = B0(z − wt), (8.51)

and recover solution (8.44). A mathematically straightforward way to
confirm this conclusion is to simply insert (8.46) in (8.44) and take the
derivative with respect to time:

d
dt

B(zobs(t), t) =
∂B
∂z

w +
∂B
∂t

. (8.52)

where the chain rule was used along with (8.45) to write dzobs/dt = w.
On the right hand side of this expression we recognize the advection
equation (8.43), allowing us to write:

d
dt

B(zobs(t), t) = 0. (8.53)

With this procedure we have effectively reduced a partial differential
equation (8.43) to an ordinary differential equation stating that B(zobs(t))
is constant along a trajectory given by (8.46).
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Mathematically, the procedure of finding curves along which a partial
differential equation becomes an ordinary differential equation is called
method of characteristics and curves such as:

z(t) = z0 + wt, (8.54)

are called characteristic curves. Physically, for an observer moving with
the speed w there is no change of biomass in the observer’s reference
frame. The significance of the characteristic curves becomes evident when
constructing numerical schemes for solving the advection equation.

z 

t

z 0

z0+wt

B0

w

Figure 48: Characteristic curve (blue line) of the advection equation (8.43). The value of
biomass on the characteristic curve does not change over time, such that on
the characteristic curve biomass is constant and equal to B0(z0). An observer
sinking with speed w (8.45) would move on the characteristic curve and
would measure no change in biomass.
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The numerical scheme should ideally carry physically accurate infor-
mation from time tj to time tj+1. This implies that we can look from

where in the model domain should information on biomass Bj+1
n come

from. The information should lie on the characteristic curve passing
through Bj+1

n (Figure 49). Knowing this, we can move backwards in time
on the characteristic curve to arrive at the point where the information
would come from physically. By looking at the numerical grid the char-
acteristic curve passes through the point B∗, which can be approximated
from nearby points Bj

n−1 and Bj
n. The vertical distance between B∗ and

Bj
n is equal to w∆t and the vertical distance between B∗ and Bj

n−1 is equal
to ∆z − w∆t. We can leverage this information to approximate B∗ as:

B∗ =
∆z − w∆t

∆z
Bj

n +
w∆t
∆z

Bj
n−1. (8.55)

By requiring that Bj+1
n = B∗ and after some algebra, we obtain:

Bj+1
n = Bj

n − w
∆t
∆x

(
Bj

n − Bj
n−1

)
. (8.56)

This numerical scheme is referred to as the upwind scheme. Its main ad-
vantage to simulate the problem at hand is its asymmetry with respect to
the direction of information propagation. It only propagates information
from the physically correct direction, which for sinking phytoplankton is
from the top of the water column downwards. However, for the scheme
to yield physically realistic solutions it has to be able to grasp B∗, which
may not always be the case, as we now proceed to demonstrate.

Consider the scenario in which the sinking speed is such that the char-
acteristic curve lies outside the line connecting Bj

n−1 and Bj
n (Figure 49).

In this case the numerical grid would not be able to get at B∗. To see
why this holds we simply go two steps back in time. The point Bj

n gets
formation from points Bj−1

n and Bj−1
n−1, whereas the point Bj

n−1 gets for-

mation from points Bj−1
n−1 and Bj−1

n−2. All those points do not grasp the
information propagating along the red characteristic curve in Figure 49.
Going back three time steps the same holds. Subsequently, going to the
initial time the same reasoning applies. The numerical scheme therefore
carries incorrect information.
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Figure 49: Graphical depiction of the upwind scheme for solving the advection equation.

Information at the point Bj+1
n (orange curve) physically arrives along the

characteristic curve (blue line) from the point B∗ (blue circle). By approximat-
ing B∗ from nearby points Bj

n−1 and Bj
n (green circles) the upwind scheme

emerges. In case the characteristic curve falls outside the grasp of the numer-
ical scheme (red line) the scheme carries physically unrealistic information.

To remedy the problem we require that the point from which infor-
mation propagates lies within the region the numerical grid can grasp.
That will occur when the grid is able to propagate information faster
then the information propagates along the characteristic curve. The rate
at which information propagates along the grid is given by the ratio of
∆z/∆t, whereas the rate at which the information propagates along the
characteristic curve is simply w. Therefore, the following condition has
to be met:

w∆t ≤ ∆z. (8.57)
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This is the Courant Friedrichs Lewy stability condition [49], often stated
as:

w
∆t
∆z

≤ 1. (8.58)

For a given w it sets a restriction on the ratio ∆t/∆z in order for the
upwind scheme (8.56) to be stable. Therefore, by appropriately select-
ing ∆t/∆x the advection equation can be solved numerically using the
upwind scheme (8.56). The upwind scheme does so in a physically con-
sistent manner by receiving information from the direction of sinking
phytoplankton cells, that is from above in the water column.

To gain further insight into the workings of the advection equation and
the type of solutions we expect from the upwind scheme, let us rewrite
(8.43) in the following form:

∂B
∂t

= −w
∂B
∂z

. (8.59)

It is now easy to observe that the time derivative of biomass on the left
hand side is dictated by its spatial derivative on the right hand side.
Consider now an arbitrary depth z0 and observe the slope of the biomass
profile at that depth (Figure 50). When the spatial derivative is positive
the time derivative is negative and vice versa. Therefore, for each depth
where the spatial derivative is positive the value of biomass will decline
over time and for each depth where the spatial derivative is negative
the value of biomass will increase over time, as shown in Figure 50.
In such a manner, and for positive sinking speed w > 0, the biomass
profile propagates towards greater depth without changing its shape, in
accordance with (8.44).

The numerical scheme may not be able to preserve the shape of the
analytical solution perfectly, which is referred to as numerical dispersion.
Due to numerical dispersion the numerical solution departs from the
analytical. How strong this effect will be depends on the selection of the
numerical scheme and naturally on the ratio w∆t/∆z. There have been
many schemes developed for handling numerical dispersion, the details
of which are beyond the scope of this book, but the interested reader may
learn more about numerical dispersion in [10] and [49].
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w

z0

z 

B(z)

Figure 50: At a given depth z0 (grey line) the advection equation (8.59) states that the
change over time in biomass at that depth is dictated by the first spatial
derivative of biomass (black line). Where the spatial derivative is positive
biomass declines (green arrow), due to the negative sign in (8.59), and where
it is negative biomass increases (orange arrow).

Finally, by combining advection with production and losses we arrive
at the following numerical scheme:

Bj+1
n = Bj

n +
1
χ

(
PB(zn, tj)− LB

)
Bj

n∆t − w
∆t
∆z

(
Bj

n − Bj
n−1

)
. (8.60)

To complete the numerical version of equation (8.1) mixing needs to be
added to this numerical model, which we now proceed to do. We first
analyse the diffusion equation and how to solve it numerically, in order
to highlight some important aspects of the numerical approach.
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8.6 mixing term

To demonstrate how to construct the numerical version of the mixing
term in equation (8.1) we start with the diffusion equation:

∂B
∂t

= M
∂2B
∂z2 , (8.61)

where the mixing coefficient M is held constant. This equation is of first
order in time, therefore it requires an initial condition on biomass:

B(z, 0) = B0(z). (8.62)

It is second order in space, implying it requires two boundary conditions,
which can be set as fluxes, or as biomass values at the ends of the model
domain, or a combination of both. In case of the ocean it is natural to
set these boundary conditions at the ocean surface and at great depth,
z = ∞, or at the mixed layer base, z = Zm. The flux boundary conditions,
with say z = ∞, are set as:

M
∂B
∂z

∣∣∣∣
0
= F0, M

∂B
∂z

∣∣∣∣
∞
= F∞, (8.63)

where F0 and F∞ are prescribed values of the fluxes, which can also be
time dependent. Setting biomass values as boundary conditions is done
simply as:

B(0, t) = B0, B(∞, t) = B∞, (8.64)

where B0 and B∞ are also known. A natural combination of both bound-
ary conditions, best suited for modelling biomass profiles, would be to set
a no flux boundary condition at the surface and zero biomass at infinite
depth:

M
∂B
∂z

∣∣∣∣
0
= 0, B(∞, t) = 0. (8.65)

To analyse the behaviour of the diffusion equation (8.61), relevant for the
construction of the numerical scheme for solving it, we will now consider
a special case which will lead us to an analytical solution. Although not
realistic for an oceanographic application the example is illustrative from
a modelling standpoint as it helps to elucidate how diffusion proceeds.
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We look at an infinite domain and set the following boundary condi-
tions:

B(−∞, t) = 0, B(∞, t) = 0. (8.66)

Under such boundary conditions the ends of the domain never experience
a change in biomass. Physically, this situation would correspond to an
ocean which is weekly mixed, such that biomass at some depth never
reaches the surface, nor great depth.

For the initial condition we take a finite amount of biomass B0 located
at depth z0 at initial time. Mathematically, we set this initial condition
using a Dirac delta function:

B(z, 0) = δ(z0)B0, (8.67)

which is zero everywhere except at z0 and whose integral over the entire
domain is equal to unity:

∞∫
−∞

δ(z0)dz = 1. (8.68)

The exact solution to the diffusion equation under these conditions is:

Be(z, t) =
B0√

4πMt
exp

(
− (z − z0)2

4Mt

)
. (8.69)

This is the well known elementary solution of the diffusion equation,
labelled here as Be (Figure 51). It has two important properties. First, the
centre of biomass does not change over time and stays at z0, which is
shown simply by calculating the following integral:

1
B0

∞∫
−∞

zBe(z, t)dz = z0. (8.70)

The spatial variance of biomass, a measure of the spread of biomass
around z0, is time dependent and given as:

σ2 = 2Mt, (8.71)

implying that stronger mixing causes biomass to spread out more quickly.
Following (8.71) at great time variance tends to infinity and biomass
concentration tends to zero throughout the domain (8.69).
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z0

z 

B(z)

d(z0)

Figure 51: Elementary solution of the diffusion equation (8.69) at different times (blue
and red curves) with the Dirac delta as the initial condition (light grey line).
The initially concentrated biomass at depth z0 gets spread out with time due
to mixing (grey arrows), but the centre of biomass stays at z0.

The utility of the elementary solution comes from the fact that it can
be used to solve the diffusion equation for an arbitrary initial condition:

B(z, 0) = B0(z), (8.72)

where B0(z) is assumed known. In this case the analytical solution for
biomass at any time is given by the convolution of the elementary solution
and the initial condition:

B(z, t) =
+∞∫

−∞

B0(z′)√
4πMt

exp
(
− (z − z′)2

4Mt

)
dz′, (8.73)

where z′ is a dummy variable for integration.
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Having an exact solution allows us to use it as a test case for numerical
schemes. We now proceed to demonstrate how to construct one such
scheme in a simple straightforward manner. To discretize the mixing
term the second derivative of biomass has to be approximated. To this
end we first expand B(z + ∆z, t) around B(z, t):

B(z + ∆z, t) = B(z, t) +
∂B
∂z

∣∣∣∣
(z,t)

∆z +
1
2

∂2B
∂z2

∣∣∣∣
(z,t)

(∆z)2 + ..., (8.74)

and B(z − ∆z, t) around B(z, t):

B(z − ∆z, t) = B(z, t)− ∂B
∂z

∣∣∣∣
(z,t)

∆z +
1
2

∂2B
∂z2

∣∣∣∣
(z,t)

(∆z)2 + ..., (8.75)

where ∆z is positive and the minus sign in the second expression comes
because we are expanding B at depth z − ∆z around z. By adding (8.74)
to (8.75) and disregarding terms higher than the second derivative, we
obtain the following approximation of the second derivative:

∂2B
∂z2

∣∣∣∣
(z,t)

≈ 1
(∆z)2

(
B(z + ∆z, t)− 2B(z, t) + B(z − ∆z, t)

)
. (8.76)

This scheme is called centred in space and using it the discrete version
of the mixing term becomes:

M
∂2B
∂z2

∣∣∣∣
(zn,tj)

→ M
(∆z)2

(
Bj

n+1 − 2Bj
n + Bj

n−1

)
. (8.77)

By combining it with the Euler scheme for time stepping (8.15) the
descritezied version of the diffusion equation reads:

Bj+1
n = Bj

n +
M∆t
(∆z)2

(
Bj

n+1 − 2Bj
n + Bj

n−1

)
, (8.78)

referred to in the literature as the forward time centred space scheme
(Figure 52). It is arguably the most simple numerical scheme for solv-
ing the diffusion equation. Numerous other schemes are found in the
literature and the interested reader is referred to [10], [61] and [49] for
an in depth analysis. Here we proceed to analyse some properties of the
derived scheme.
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Figure 52: Graphical representation of the forward time centred space scheme for solv-

ing the diffusion equation. Calculating Bj+1
n (orange circle) requires informa-

tion not only from Bj
n (red circle) but also from neighbouring points Bj

n−1

and Bj
n+1 (blue circles).

By rearranging (8.78) into the following form:

Bj+1
n − Bj

n

∆t
= M

Bj
n+1 − 2Bj

n + Bj
n−1

(∆z)2 , (8.79)

allows us to utilize (8.14) in the left hand side and (8.74) and (8.75) in the
right hand side. After doing so we arrive at:

∂B
∂t

∣∣∣∣
(z,t)

+
1
2

∂2B
∂t2

∣∣∣∣
(z,t)

∆t + ... = M
∂2B
∂z2

∣∣∣∣
(z,t)

+ M
1
12

∂4B
∂z4

∣∣∣∣
(z,t)

(∆z)2 + ...,

(8.80)
which in the limit of small ∆t and ∆z goes to the original equation (8.61),
implying the scheme is consistent.
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To test the stability of the above scheme we insert the following ele-
mentary function as a trial solution:

Bj
n = Ajeikn∆z, (8.81)

where A is a complex number, i the imaginary unit and k the wavenumber.
The key idea in using an elementary function such as (8.81) lies in the
fact that an arbitrary function can be represented as a sum of many
elementary functions. If the total solution is to be stable, each and every
one of those has to be bounded over time. Therefore, once inserted into
a stable scheme the elementary function should not blow up over time.
Upon inserting (8.81) into (8.78) and after some algebra, we arrive at:

Aj+1

Aj = 1 − 4M∆t
(∆z)2 sin2

(
k∆z

2

)
. (8.82)

On the left hand side we have a ratio of the amplitude of the elementary
function at time step j + 1 to the amplitude at the time step j. For a stable
scheme the ratio of the amplitudes should be less or equal to unity:

Aj+1

Aj ≤ 1, (8.83)

which will be the case when:

4M∆t
(∆z)2 ≤ 2, (8.84)

given that the square of the sine function is always less than unity. This
condition finally translates to a constraint on the time step:

∆t ≤ ∆z
2M

. (8.85)

When this criterion is met the scheme is stable. However, requiring the
amplitude ratio (8.83) to remain below unity implies the solution will
have a lower amplitude with each time step. This behaviour is referred to
as numerical dissipation. The smaller the ratio (8.83) the larger numerical
dissipation is.
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Additional complication comes from the fact that dissipation is the
expected behaviour of the diffusion equation. To correctly capture dissi-
pation due to diffusion it is preferable to minimize numerical dissipation.
Ideally, there should be no numerical dissipation, in order for the scheme
to produce correct solutions. In practice, this is achieved by keeping (8.83)
as close to unity as possible, by altering the values of ∆t and ∆z, whilst
simultaneously satisfying (8.85), therefore keeping the scheme stable.

To finalize the numerical approach for solving (8.1) we have to stitch
together the production and loss terms, along with the advection and
diffusion terms. This is achieved by combining (8.15) for the time deriva-
tive, (8.56) for the advection term and (8.76) for the diffusion term, in
a single numerical scheme, such that the numerical version of equation
(8.1) becomes:

Bj+1
n =Bj

n +
1
χ

(
PB(zn, tj)− LB

)
Bj

n∆t − w∆t
∆z

(
Bj

n − Bj
n−1

)
+

M∆t
(∆z)2

(
Bj

n+1 − 2Bj
n + Bj

n−1

)
.

(8.86)

We can visually interpret the obtained numerical expression by observing
Figure 53. The scheme calculates Bj+1

n from information on Bj
n−1 and

Bj
n using the upwind scheme for advection, and from Bj

n−1, Bj
n and

Bj
n+1 using the centred scheme for mixing. The production term can

be calculated by using the relatively complicated, but exact expression
(8.42), or by simply calculating production by directly applying the
photosynthesis irradiance function on the irradiance value at the model
level, as in (8.34). In both cases irradiance is calculated by using (8.32), or
its integral version (8.33).

At this stage we stress again that there are various other numerical
schemes for solving equation (8.1). Making such schemes amounts to the
same procedure as highlighted here: discretization of each term in the
equation and merger of all terms to form a numerical scheme. However,
there is one final part of the story that needs to be addressed prior
to actually solving (8.86) and that is the implementation of boundary
conditions, which we now demonstrate how to do.
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Figure 53: Grid for solving equation (8.1) numerically. Calculating Bj+1
n (orange circle)

requires information from Bj
n (red circle) but also from neighbouring points

Bj
n−1 and Bj

n+1 (blue circles) to account for diffusion and Bj
n and Bj

n−1 to
account for advection (green circumference).

8.7 implementation of boundary conditions

In order to specify what boundary conditions are needed, one first has to
acknowledge what the relevant model variables are that require boundary
conditions to be specified in the first place. In the system of equations
we are solving, namely (8.1) and (8.2), two variables require boundary
conditions: irradiance I(z, t) and biomass B(z, t). The irradiance equation
in its differential form (7.4) is of first order in space and requires one
boundary condition, which comes in the form of surface irradiance (8.29)
and is straightforward to implement in (8.30), (8.32) and (8.33). Therefore,
we now turn our attention to the numerical implementation of boundary
conditions for biomass. Equation (8.1) is of second order in space and
therefore requires two boundary conditions: one at the surface and one
at depth.
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Mathematically, the sinking term of equation (8.86) requires one bound-
ary condition, whereas the mixing term requires two boundary conditions.
For the sinking term it is natural to impose the boundary condition at
the surface, given that information comes from above. That leaves us
with the imposition of the second boundary condition at the bottom,
which for an infinite water column is best specified at great depth, as was
discussed prior. Numerical implementation of these boundary conditions
is not unique and here we describe one manner in which they can be
implemented.

First, we describe the implementation of a no flux surface boundary
condition, as stated in (7.59). For numerical purposes we consider a more
general scenario in which an arbitrary flux F0 is set at the surface. Now
the boundary condition reads:

wB(0)− M
∂B
∂z

∣∣∣∣
0
= F0, (8.87)

with the flux F0 specified at z = 0. To implement it we add an additional
model level above the surface (Figure 54):

z0 = −∆z
2

. (8.88)

The purpose of this level is to enable the discretization of the flux bound-
ary condition (8.87). By writing (8.87) using finite difference we have:

w

(
Bj

1 − Bj
0

2

)
− M

(
Bj

1 − Bj
0

∆z

)
= F0, (8.89)

where biomass at the surface is approximated as an average of Bj
1 and

Bj
0 and the first derivative of biomass at the surface is approximated as

the difference between Bj
1 and Bj

0, divided by ∆z. From this expression
biomass value at Bj

0 is easily expressed as:

Bj
0 =

[
F0 + Bj

1

(
M
∆z

− w
2

)](
M
∆z

− w
2

)−1

. (8.90)

A specific F0 can then be inserted into (8.86) to obtain the equation for
the time evolution of biomass at the first level n = 1.
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Figure 54: Sketch for implementation of the surface boundary condition in a form of
a flux F0 (blue arrow). The boundary condition is implemented by adding
an additional model layer outside the domain at z0 = −∆z/2. Using this
additional layer the value of Bj

0 can be calculated and inserted into the finite
difference scheme (8.86) to obtain (8.92).

Given that we impose a no flux boundary condition at the surface
F0 = 0 (8.4), expression (8.90) becomes:

Bj
0 = Bj

1, (8.91)

turning (8.86) for the first level into:

Bj+1
1 = Bj

1 +
1
χ

(
PB(z1, tj)− LB

)
Bj

1∆t +
M∆t
(∆z)2

(
Bj

2 − Bj
1

)
. (8.92)

The obtained expression is then used to calculate the evolution over time
of biomass at the first level, whilst all the other levels, apart from the
final one, are calculated using (8.86).
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To calculate how biomass changes at the bottom most level we need
to implement the bottom boundary condition (7.47) numerically. This
can be done in a similar fashion as with the surface boundary condition,
which resulted in (8.92). First we set the final layer N to be at great depth:

zN = (N − 1/2)∆z, (8.93)

as shown in Figure 55. For computational reasons this depth will obvi-
ously not be infinity, as in (7.47), but should nonetheless be deep enough
that biomass goes to zero in that depth range naturally. A reasonable
assumption for this depth would be that light levels are low, so as to keep
production low and subsequently have the loss term dominate.
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Figure 55: Sketch for implementation of bottom boundary condition B(∞, t) = 0 by
setting biomass at great depth equal to zero (black circle). The boundary
condition is implemented by adding an additional model layer outside the
domain at zN+1 = (N + 1/2)∆z. Using this additional layer the value of
Bj

N can be calculated and inserted into the finite difference scheme (8.86) to
obtain (8.96).
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By placing an additional model level below the final level N, at depth
zN+1 equal to:

zN+1 = (N + 1)∆z, (8.94)

enables us to set biomass as zero there:

Bj
N+1 = 0, (8.95)

further enabling us to write equation (8.86) for the final level N as:

Bj+1
N =Bj

N +
∆t
χ

(
PB(zN , tj)− LB

)
Bj

N − w∆t
∆z

(Bj
N − Bj

N−1)

+
M∆t
(∆z)2

(
Bj

N−1 − 2Bj
N

)
.

(8.96)

This effectively makes biomass just below the final layer equal to zero,
while the biomass in the final layer may be distinct from zero. Due to the
attenuation of light with depth, if the final layer is selected sufficiently
deep, approximately zero biomass may be reached even prior to the
deepest layer, that is above it. In such a way the bottom boundary
condition of zero biomass is satisfied.
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8.8 problems

1. Use different photosynthesis irradiance functions (1.27, 1.28, 1.29,
1.30, 1.31) to numerically solve equation (8.12), with a simple forward in
time numerical scheme (8.18):

Bj+1
n = Bj

n +
1
χ

(
PB

m − LB
)

Bj
n∆t. (8.97)

Observe how the biomass profile changes with time and if a steady state
is reached. Compare the numerical with the analytical solution (8.13)
and calculate the error using (8.24). Observe how the error changes by
altering the time step ∆t.

2. Set the biomass profile to be given by the shifted Gaussian and
calculate irradiance by applying (8.30), (8.32) and (8.33). Compare the
results and see how well they match. Subsequently, calculate production
first by using (8.34) and then by using (8.42). Compare the results for
production and see how well they match.

3. Assume a patch of phytoplankton cells sinks with uniform speed
w starting from z0, such that the position of the patch at any time is
given by z0 + wt. Calculate the irradiance I(z0 + wt) the cells in the patch
experience as they sink trough the water column. From the information
on irradiance calculate instantaneous production along the trajectory.

4. Build a Lagrangian model which numerically solves equation (7.25)
using the forward in time numerical scheme:

Bj+1 = Bj +
1
χ

(
PB(z0 + wt, j∆t)− LB

)
Bj∆t. (8.98)

where Bj = B(z0 + wj∆t, j∆t) is the biomass which is located at depth
z0 + wj∆t at time j∆t, therefore its production is given as PB(z0 + wt, t).
Run the model with various initial conditions on z0 and sinking speeds
w. Does biomass at infinite time depend on initial conditions?
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5. Solve equation (8.56) with the initial condition set by the shifted
Gaussian. Extend this equation to include the production and loss terms,
like in equation (8.60). Compare the two numerical solutions obtained by
using (8.56) and (8.60), and observe the effect production and losses have
on the solutions. Also, observe how the solution changes over time for
varying values of w. Is a steady state reached?

6. Numerically solve equation (7.45) by using the centred in space
scheme for diffusion:

Bj+1
n = Bj

n +
∆t
χ

(
Pj

n − LB
)

Bj
n +

M∆t
(∆z)2

(
Bj

n+1 − 2Bj
n + Bj

n−1

)
. (8.99)

Set a uniform biomass profile B(z, 0) = B0 for the initial condition. Ob-
serve how the solution changes over time for varying values of M. Is a
steady state reached? Do the obtained solutions resemble those depicted
in Figure 42?

7. Solve the full equation (8.86). Use uniform biomass for the initial
condition B(z, 0) = B0. Observe how the solution changes over time for
varying values of w and M. Is a steady state reached? Do the obtained
solutions resemble those depicted in Figure 43?

8. Implement the numerical scheme given in (8.86) for a finite depth
water column. Vary the mixing coefficient M from 10−7 to 10−1 m2 s−1
and observe at which range of M the solutions become vertically uniform
in biomass.
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