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What is a second order effect?



Jensen’s inequality (Jensen, 1906)
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The compensation depth and the critical depth as defined by Sverdrup (1953)
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Analytical expressions (Kovač et al., 2021)

Both the compensation depth and the critical depth have exact solutions:
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where the ratio of surface production to losses is given as:
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Switching onto the Lagrangian perspective:

dZt = σ dWt

Wt is Brownian motion (in the mathematical sense).



Simulations for individual cell depths



We wish to derive an equation for the production of the cell PB
t , knowing:

PB(z) = αBI0e
−Kz

with the depth of the cell given by the solution to the prior equation:

Zt = Z0 + σWt



Simulations for irradiance experienced by individual cells



Ito’s lemma and Jensen’s inequality
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New solution for the compensation depth
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We can express the compensation depth as:

ζc = lnA+ ζσ

where a new nondimensional number ζσ emerges as:

ζσ =
σ2K2
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Antifragility recognized in the Ito drift term
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The same mathematical machinery can be used to study noise in temperature.



Changing seasonality on land (Hernández-Carrasco et al., 2025)



Effect of fluctuating growth rates on the long run population size

Hernández-Carrasco et al. (2025)



What about the ocean?



Noise in ERA5 monthly SST (preliminary results)



Universal thermal performance curve (Arnodli et al., 2025)
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Jensen’s inequality illustrated on the universal thermal performace curve
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The idea comes from Denny (2017).



A must read!



A simple growth model with noise in temperature

dTt = λ
[
Te − Tt

]
dt+ σ dWt



A simple growth model with noise in temperature

µ(t) = µ[T (t)]



A simple growth model with noise in temperature

dBt
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]
Bt



Noise in temperature pushes the critical temperature down
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Key takeaway: From randomnes to determinism

Due to curvature in production functions, randomnes in the input
is transferred to a deterministic term in the production response.



Thank you!
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