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Motivation

Anthropogenic carbon emissions per year 10 Gt C
Carbon assimilated by the biosphere per year 100 Gt C

Carbon assimilated by phytoplankton 50% of total
Phytoplankton biomass 1% of total land biomass



Global annual marine primary production from the literature

Adopted from Buitenhuis et al. (2013)



The problem from the physics point of view.



The problem from the biology point of view.



Approaches to studying primary production

In situ

Incubation at sea under natural light conditions.

(Steemann Nielsen, 1952)

In vitro

Incubation under controlled light conditions.

(Platt i Jassby, 1976)

In silico

Computer implementation of primary production models.

(Gentleman, 2002)



In silico

Time evolution of phytoplankton biomass B in the ocean is modelled as:

∂B

∂t
= production− losses+ advection+mixing

Change in biomass is a result of production, losses and transport.



Mathematical description of the problem
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With respect to light I the problem has all the qualities one seeks in physics:

nonlinear + nonlocal + nonautonomous



Photosynthesis irradiance function
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Parameter values routinely estimated experimentally.



Many competitors
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With respect to light I the problem has all the qualities one seeks in physics:

nonlinear + nonlocal + nonautonomous



What effect does turbulence have on photosynthesis?



Going back to 1935!

...vertical movements of the water must favour new growth of phytoplankton through the mixing which
carries nutritive substances to the illuminated zone from deep waters.

On the other hand a series of facts observed in recent years indicates that vertical mixing, besides having
a favourable effect, may have an unfavourable influence on the growth of the phytoqlankton, because it
prevents the living cells from accumulating in the illuminated zone where they may utilize the light for
photosynthesis, and the nitrates and phosphates for growth and propagation.

(Gran & Braarud, 1935)



Sverdrup, Johnson & Fleming (1942)
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Riley, Stommel & Bumpus (1949)



Sverdrup (1953) argument

In order that the vernal blooming of phytoplankton shall begin it is necessary that in the surface layer
the production of organic matter by photosynthesis exceeds the destruction by respiration. On certain
assumptions a “critical depth” is defined. The depth of a mixed surface layer must be less than this
critical depth if the phytoplankton population of the mixed layer shall increase.
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The classical Critical Depth Criterion (Sverdrup, 1953)
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What effect does sinking have on photosynthesis?



Steele & Yentsch (1960) Journal of the Marine Biological Association of the UK

Such features are normally explained by the sinking of plants and a sinking rate constant with depth is
used in the mathematical models of Riley, Stommel & Bumpus (1949) to explain some observed patterns
of vertical distribution. However, on the basis of their model, the chlorophyll maximum must occur
above the compensation depth.



Shigesada & Okubo (1981) Journal of Mathematical Biology

Self-shading of light by algae growing in a column of water plays an important role in the dynamics of algal
blooms. Thus without self-shading the algal concentration would increase more rapidly, making the nutrient
limitation too strong. Apart from the practical importance of self-shading, its inherent nonlinearity in the
growth dynamics leads to an interesting mathematical problem...



There are numerous mathematical papers on the topic...



Ishii & Tagaki (1982) Journal of Mathematical Biology



Hsu & Lou (2010) SIAM Journal of Applied Mathematics



Du & Mei (2011) Nonlinearity



Many of those papers are not known in the oceanographic community.



Huisman & Weissing (1994) and Weissing & Huisman (1994)

We argue that the crucial measure for phytoplankton growth is not a critical depth but a critical light
intensity I∗out. For each species I∗out corresponds to the equilibrium light intensity at the bottom of a water
column when the species is grown in monoculture.



Competition

Imagine N phytoplankton species competing for light in the mixed layer.

For each species, I∗out is the critical light intensity, which corresponds to the light intensity at the mixed
layer base at steady state in monoculture.

B(t) → B∗
i

∣∣∣
min I∗out

Following Huisman & Weissing (1994) and Weissing & Huisman (1994) the species with the lowest critical
light intensity wins.

The competitive exclusion principle holds for light as a resource.



Husiman et al. (1999) Limnology and Oceanography

A turbulent diffusion model shows that there are two different mechanisms for the development of
phytoplankton blooms. One of these mechanisms works in well-mixed environments and corresponds to
the classical critical depth theory. The other mechanism is based on the rate of turbulent mixing. If turbulent
mixing is less than a critical turbulence, phytoplankton growth rates exceed the vertical mixing rates, and a
bloom develops irrespective of the depth of the upper water layer.



Huisman & Sommeijer (2002) Marine Ecology Progress Series

... clear waters can sustain species with high sinking rates,

whereas turbid waters can sustain species with low sinking rates only.



Some interesting exchanges

Behrenfeld (2010)
Abandoning Sverdrup’s Critical Depth Hypothesis on phytoplankton blooms

Chiswell (2011)
Annual cycles and spring blooms in phytoplankton: don’t abandon Sverdrup completely

Behrenfeld et al. (2013)
Annual cycles of ecological disturbance and recovery underlying the subarctic Atlantic spring
plankton bloom

Chiswell (2013)
Comment on “Annual cycles of ecological disturbance and recovery underlying the subarctic Atlantic
spring plankton bloom”

Behrenfeld et al. (2013)
Reply to a comment by Stephen M. Chiswell on: “Annual cycles of ecological disturbance and
recovery underlying the subarctic Atlantic spring plankton bloom” by M. J. Behrenfeld et al. (2013)



Behrenfeld & Boss (2014) Annual Reviews of Marine Science



But all this time nobody actually solved Sverdrup’s equation...



That is until Kovač et al. (2021) found the exact solution
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where the ratio of surface production to losses is given as:
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These simple looking solutions opened up new unexpected avenues!



Steady state and the critical depth condition (Kovač & Sathyendranath, 2025)
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Bio-optical bifurcation (Kovač & Sathyendranath, 2025)
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Critical Depth Conservation Principle (Kovač et al., 2021)

The product KZc is a constant of motion:

d(KZc)

dt
= 0

Also expressed as an optical depth:

dζc
dt

= 0

This holds not only for Svedrup’s model but for any non-linear production model.



Competition

Imagine N phytoplankton species competing for light in the mixed layer.

The species with the deepest optically uncoupled critical depth wins!

B(t) → B∗
i

∣∣∣
maxCi

I(Zm) → I(Ci)
∣∣∣
maxCi

Following Huisman & Weissing (1994) and Weissing & Huisman (1994) the species
with the lowest critical light intensity wins. This species also has the deepest
optically uncoupled critical depth. Therefore the critical light argument is
translated back to a critical depth argument.

Critical light and critical depth: Two sides, same coin.



Does this conservation principle hold when mixing is not strong?







The compensation depth evolves over time according to the following equation:

∂zc
∂t

= − kB
Kw + kBB(zc)

zc∫
0

∂B(z′)

∂t
dz′

The system has the following constant of motion:

d

dt
I(zc(t)) = 0



Switching onto the Lagrangian perspective:

dZt = σ dWt

Wt is Brownian motion (in the mathematical sense).





Simulations for individual cell depths



We wish to derive an equation for the production of the cell PB
t , knowing:

PB(z) = αBI0e
−Kz

with the depth of the cell given by the solution to the prior equation:

Zt = Z0 + σWt



Simulations for irradiance experienced by individual cells



Ito’s lemma and Jensen’s inequality
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New solution for the compensation depth
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We can express the compensation depth as:

ζc = lnA+ ζσ

where a new nondimensional number ζσ emerges as:

ζσ =
σ2K2

2
D



Antifragility recognized in the Ito drift term
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What about the spectral composition of light?



Heggerud et al. (2023) Mathematical Biology



Stomp et al. (2007) Ecology Letters

Hutchinson’s paradox of the plankton inspired many studies on the mechanisms of species coexistence.
Recent laboratory experiments showed that partitioning of white light allows stable coexistence of red and
green picocyanobacteria. Here, we investigate to what extent these laboratory findings can be extrapolated
to natural waters. We predict from a parameterized competition model that the underwater light colour of
lakes and seas provides ample opportunities for coexistence of red and green phytoplankton species.



Luimstra et al. (2020) Ecology

Can we advance ecological theory to predict how these differences in light-harvesting strategy affect com-
petition between phytoplankton species? Here, we develop a new resource competition model in which the
absorption and utilization efficiency of different colors of light are varied independently.



Simillar problems in other fields



Simillar problems in other fields

Spiers & Gurney (2001)
Population persistence in rivers and estuaries

Pachepsky et al. (2005)
Persistence, spread and the drift paradox

Examples of such systems are found in rivers and streams, marine currents, and areas with prevalent
wind direction. In streams, a long-standing question, dubbed ‘the drift paradox’, asks why aquatic insects
faced with downstream drift are able to persist in upper stream reaches.



Simillar problems in other fields

Inoue (1965)
On the CO2-Concentration Profiles within Crop Canopies



Simillar problems in other fields

Stone et al. (2007)
Seasonal dynamics of recurrent epidemics



Norbert Wiener’s quote

The most fruitful areas for the growth of the sciences were those which had been neglected as
a no-man’s land between the various established fields. Science has been increasin-
gly the task of specialists, in fields which show a tendency to grow progressively narrower.
Important work is delayed by the unavailability in one field of results that may have already
become classical in the next field. It is these boundary regions of science that offer
the richest opportunities to the qualified investigator.





Baltic Sea Jupiter



Thank you!
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